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KEY TO FHE EXERCISHS 


CHAPTER GI. 


Let AB=b, AC=c, AD=d. Then CD=d-—c, DB=b—d, 
BC=c-—b. 
.. AB,CD+AC.DB+AD.BC=b(d—c)+c¢(b—d) +d (c—b) 


=0. 
m.OA+n.OB=m(OC—AC) + 2(OC + CB) 
=(m +n) oc. 
se fe! ee bare 
Let OA=a, etc.; then BC=c—), etc.; OP=——, ete 


2 


". JOP. BC spas b) =0. 


AB. CD AC. DB 
From Ex. 2, ——— - 
AD. fe AD.BC 


MeiePA= a, (PB 0) (PX =~ ‘PY =. 

Then PA. BX, BY =a(#—6) (y—)) 
= any — aby — abu + ab’. 

And PB.AX. AY =b(«—a) (y—a) =bay — aby — abu + ab 
= ab? — aby — abu + axy. 


l= 0; 5. 1ebe; 


ie 


10. 


He 


KEY TO THE EXERCISES 


CHAPTER II. 


C becomes the point at infinity on the bisector of 4 FAE 
(not the point at infinity on AE). So for B. EC, DB 
become the line at infinity. 


The circumference becomes a finite line plus the line at 
infinity. Let PQ be the chord, and O a point on the 
circumference. 

(i) If P, Q are finite points on the finite line, and O on the 

finite line, then 2 POQ is 0° or 180°. 

(ii) If P, Q are as above, and O on the line at infinity, 
PO, QO are ||, .. 2 POQ=0. 

(iii) If P, @ are points on the line at infinity, and O on the 
finite line, PO, QO are fixed in direction, though PO 
cannot be distinguished from OP, or QO from OQ. 
Hence PQ still subtends equal or supplementary 
angles at O. 

(iv) If P, Q are as in (iii), and O on the line at infinity, 
£4 POQ becomes indefinite. 


CHAPTER III. 


The centroid of A, B, C, D is the mid-point of the join of the 
mid-points of AB, CD. Similarly of AC, BD; and of AD, 
BC. These three points are therefore identical. 


The centroid of A, B, C, D is on Aa and divides it in the ratio 
3:1. So for BB, Cy, Dé. 


(i) The 3 joins of mid-points of opposite edges of a tetra- 
hedron are concurrent and are bisected at the point of 
concurrence, 

(ii) The 4 lines joining the vertices of a tetrahedron to the 
centroids of the opposite faces are concurrent, and are 
divided in the ratio 3: 1. 
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12. A particular case of Th. 3. Take G as origin, and the line 
through G as axis of a. 


13. Let M be the projection of Pon OG, Then, with a suitable 
convention for the sign of GM, OP? = PG? + OG? + 20G. GM. 
.. SOP? = >PG?+ 2. OG? + 20G IGM. 
But >GM =0, by Ex. 12. 


CHAPTER ‘IY. 


PB QC RD SA 
PA @B RC’ SD 
_ sin PAB sin QBC sin RCD sin SDA 
sin PBA’ sin QCB sin RDC’ sin SAD 
——le(@ee(PAB— SAD, etc.). 
22, « Let bisector of ~ A meet BC in D. Then 
BD: AB=sin BAD:sin BDA; and CD:AC=sin CAD:sin CDA 
But sin BDA=sinCDA, .. BD: AB=CD: AC. 
25, AD? + AB? =2AC?+ 2BC?, .”. etc. 
26. @S?+ Q@P?=2QR?+2PR’, .”. ete. 
27. OA? + 0C?=20B? + 2BC?, OD? + OB? = 20C? + 2BC?. 
*, OA? + OC? + 20D? + 20B? = 20B? + 2BC? + 40C? + 4BC’. 
" OA? JOD? = 80C? + 6BC?. 
98. OA?+ OC? =20B?+ 2BC?, OB? + OD?= 20C? + 2BC?. 
*, OA? + OC? + OB? + OD? = 20B? + 4BC? + 20C?. 
", OA?+ OD? = OC? + OB? + 4BC”. 
29. Let N be the projection of A on BC: let 4 AQB be acute. 
AB? = AQ’ + BQ’ — 2BQ. NQ (neglecting sign). 
AC? = AQ? + CQ’? + 2QC. NQ. 
*, AB? + 7.AC?= (n+ 1) AQ? + BQ’? +7. CQ’. 


21. 


30. By Apollonius, the distance of the point from the mid-point 
of AB is constant. 


1—2 


32, 


33. 


34. 


35. 


36. 


37. 
38. 


39. 


40, 


41. 


42. 


KEY TO THE EXERCISES 


Let P, Q be the mid-points of AC, BD. 
AB? + AD? = 2BQ? + 2AQ’, CB? + CD*?= 2BQ?+ 2CQ’. 
*, AB? + AD? + CB? + CD?= BD? + 2AQ’+ 20Q* 
= BD? + AC? + 4PQ’, 
The mid-points of sides are the vertices of a parallelogram ; 
apply Ex. 31 to this, 


Let the sides be a, 6, c; the medians a, y, z Then 


mee it Cn nut Oe 4: drat seen MOR 
B+ = 2+, P+ aadyts, a+ b= 22+ 
2 4 4 

Now add; 23a? = 23a? +4307, .'. etc. 


A, B, C, are the mid-points of B/C’, C’A’, A’B’; and the alti- 
tudes of AABC are the 1 bisectors of the sides of AA‘B'C’. 
Let hexagon be AB/CA’BC’. SBA‘C is ‘a rhombus; and the 
sides BA’, A’C are each equal to R. So are the other sides 
of the hexagon. Also 2 C’AB’=2 BSC=z BA‘G, 
Theorem 11. 


“Tf a polygon is such that a circle can be described about it, 
the perpendicular bisectors of the sides are concurrent.” 
Let the diameter through the intersection of the tangents 
cut the circle in P, Q; P being nearer to intersection, 
Tnseribe (or escribe) a circle to A made by the two 

tangents, and the tangent at P (or Q). 

(The construction may also be effected by describing a © to 
touch the given © and one of the tangents at the point of 
contact of the latter.) 

The chords are equidistant from the centre, and therefore 
equal, 

It is necessary to prove that ZP bisects 2 AZY. 

Now LAZP=+PYZ in alternate segment= 2 PZY, by 
symmetry about Al, .. ete. 


Since AK bisects - BAC internally, arc BK =are CK. Similarly 
arc BK’=are CK’, .". KK’ bisects BC at rt. 2s. 


KEY TO THE WXERCISES o 


U is mid-point of are BO, .". ete, 

All, is internal bisector of £ BAC. 

1,Al, is external bisector of 4 BAC. 

Internal and external bisectors are at rt. 2s. 


The interior common tangents to two ©s interseet on the 
line of centres, 


Use Theorems 5, 11, 12. 
YZ is equally inclined-to AB, AC; and .". is |] to Iyly, .'. ete. 
(i) 1Bl,= 90°. 


’ 


ie : ; I ‘ 
(ii) Describe © to pass through B, ©, with —' as radius. 


ed 
, ; Boer ‘ 
Draw a line from B making 4 5 with BC; where this 
a 


cuts © is |. Now draw in-circle; tangents from 
B, C give A, 


‘§1-58. See Theorem 13. 


59. 
61. 


63. 


6, 4 ft. 

Let 2A be the rt. 2. 
b+co-—a 

Then r= AY =8-—a BN . Mt 


Taking AB, AC as the directions of the fixed sides and BO 
as the moving side, AY, and AZ, are constant, .. the 
escribed @1, is fixed. 


64, 65. See Theorem 14. 


68. 


69. 


72. 
74. 
75. 


AQGBa= AGCa, AABa= AACa, .. AGAB=AGAC, 

Let AP meet QR in X. Then AX:XD=AQ:QB. ..AX = 4XD. 
Again, As XPR, DPB are similar, 

“, XP:;PD=XR;DB=1:3, .. PD=3XpP, 

“, PD: XP:AX=3:1;2, and AP=PD, .'. AP:AD=1:2. 
BFA is 1 to HC, ete. 

A, E, D, Bare concyclic. .'.. AH. HD =BH.HE, .’. ete, 
Z8AC = 90°= 2ASB=90°—-2B=Z:BAD, .’. ete. 


76. 


79. 


80. 


82. 
83. 


84. 
85. 


86. 


KEY TO THE EXERCISES 


AFHE is cyclic, .. 2 BHC=4 FHE=suppl. 2A. 


Let 4s B, D of quadrilateral ABCD be rt. 2s; AB, DC meet 
in E; BC, AD in F. Then C is orthocentre of AAEF. 
*. AG is . to EF. 


It is necessary to prove that DH bisects 4 EDF. 
Now £EDH=ZECH=90°— ZA; similarly 
ZL FDH= 90° —ZA. 


Let tangent at A be PAQ. Then 2 PAB=Z AGB, in alternate 
segment; also ~ AFE=ZACB, .. PAQ is || to FE, .”. ete. 


See fig. 20. A BHC = ABXC, whose circumeircle is © ABC. 


If X, Y, Z be the circumcentres of As BHC, CHA, AHB; 
then HX = HY =HZ=R, by Ex. 82. 


AD.HD=AD.DX=BD. DC, 


(i) Orthocentre. © ABC is fixed; locus of H is the image, 
in BC, of locus of X. j 


i FAO 1 le 
(ii) Jn-centre. L4BIC =180°—2 9749 
~180°—( *-3) 

180 (ee 5 


=90°4 ; which econ 


(ili) Centroid. Since a is fixed and aG= aA, .’. locus of G 
is similar and similarly situated to locus of A, a 
being centre of similitude; see Chapter VIII. 


HA, Sa are 1s from the circumcentres of two similar As 
upon corresponding sides. 


87-90. See Theorem 19. 


91. 
92. 


93. 


Da, EB, Fy are chords of the 9-points ©. 


If AS, Ha meet at V, As AHV, SaV are similar, and AH = 2Sa, 
*, AV=2AS, .”. ete. 

HP, HQ, HR are =and || to Sa, SB, Sy, .. AaBy= APQR. 

Or thus; QR is || to BC and = $BC; and By=4B6C, ete. 


94. 


96. 


97. 


98. 


101. 
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SP, Aa are diagonals of parallelogram APaS. 

Both are congruent with AAyf. 

By Ex. 96 ADyB=AaBy, “. LyDB=Lya8, .. circum- 
circle of medial triangle passes through D, and similarly 
through E, F. 


Circumcircle of A DEF, the pedal A of HBC, passes through 
a and the mid-points of HB, HC. 


Medians of AAHK*are Aa, HS. 


102, 103. ABC is the pedal A and | the orthocentre of IyI,!,. 


104. 


105. 
106. 
107. 


109. 
110. 


111, 
112. 
113. 


O, S, | are circumcentre, 9-points centre, and orthocentre 
of Iylols. 


Same as 9-points © of AABC. 


Theorem 20, 


If a line meets the sides of a A in L, M, N; and the 1sat 
L, M, N to the sides are concurrent at a point P, then P 
is on the circumcircle. 


Proof. (i) P cannot be inside A. For let 2s B, C be 
acute; and let P be inside A. Then LN is inclined 
from LP towards B; and LM is inclined from LP towards 
C; and L is between B and C, .*. LNM cannot be a 
straight line. 

(ii) LAPN=ZAMN, 2 BPN=2 MLC, 

*, LAPB=LAML+Z4MLC= 180°-zC. 
*, P being outside the A is on the circumcircle. 

(i) The 1 from A to BC, (ii) BC. 

If 1s from X meet AB, AC in N, M, then 

LANM=LAXM=90°—Z XAC=ZLC, .°. ete. 
U is mid-point of are BC, .*. 1 from U bisects BC. 
LBAU=LBPL=ZBNL, .«. etc. 


LLPX=2PXA=ZPBA=ZPLR. Hence, using rt. angled 
APLQ, R is mid-point of PQ. 


117. 


118. 


119. 


120. 


121. 


122. 


KEY TO THE EXERCISES 


HD=XD, ... _HQD=4XQD=ZR@QL=~ RLQ, .«. ete, 

PR = RQ and LRNM is || to QH, .°. PH is bisected by LRNM. 

By symmetry PX, pH intersect on BC; now 

ZL NLP=ZNBP=ZAXP=Z XHQ=Z HppP. 

.. pH is || to LMN, and PL=Ly, .*. PH is bisected by LMN. 

Draw the circumcircles of two of the As formed by the 
four lines; let P be their other point of intersection. 
Then P is the point required. 

See Ex. 117. A parabola may be drawn to touch the four 
lines; the circumcircle of each of the As formed by 
3 of these lines passes through the focus S. 

Construct a © of the given radius, and place in it a chord 
= the given base. This fixes the vertical 2 as one of two 
supplementary 4s. Hence the sum of the base 4s, 
As the difference also is given, the base 2s are deter- 
mined (in two ways). 

(i) The locus of the orthocentre is the straight line through 
C 1 to AB. (ii) The locus of the cireumcentre is the 1 
bisector of BC. (iii) The locus of the incentre is the 
two bisectors of 2B. (iv) The locus of the centroid 
is a straight line || to AB, cutting BC in a point D so 
that BD=iBC. (v) If the altitude from A meets the 
circumeircle in X, then X is the image of H in BC. 
.. the locus of X is the image of the locus of H, namely 
a straight line through C. 

Let PQ be drawn || to BC, to meet AB, AC in P,Q. BQ, OP 


meet in O; AO produced meets BC in R. Then, by Ceva, 
AP BR CQ AP A 
AP et on «Bub Cf 2)? wpReine ewan 
PB RC QA PB QC 
locus of O is the median through A. 
Let 2 APB be acute. Draw ADito BC. Then 
AB? = AP? + BP?—2BP.DP, AC?= AP? + CP? + 2PC. DP. 
.. m. AB? +7. AC?= (m+n) AP? +m. BP? +2. CP? 
= (m +n) AP? +”PC. BP + mBP. PC 


= (m+ 2) (AP? + BP. PC). 
Vv 
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123. 4 SAF=90°—zASy=90°—2¢. Also LAFE=2C (-. F, 
E, C; Biare-concyelic); <-. AS is* 2 to FE. 

124. (i) Given two sides and the included median. Construct a 
parallelogram having the two given sides as sides, and 
twice the median as diagonal ; hence ete. 

‘Given two sides, and the median bisecting one of them. 

— Construct a A having for its sides the median, half the 
bisected side, and the whole other side; hence ete. 

(ii) Given a side BC, and the two medians through its 
extremities. BG, CG are 2 of the given medians; there- 
fore ABCG can be constructed; lence ete. 

Given two medians BB, Cy and the side AC bisected by BB. 
The sides of A CGB are known. 

(iii) Given three medians Aa, BB, Cy. If AG be produced 
to X,so that GX =AG; then BGCX is a parallelogram, 
of which the sides and a diagonal GX are known. 

(iv) Given BC, AB~AC, ©C~zB. Let AB>AC. From AB 
cut off AD=AC. Let2BCD=6. Then 

ZB+L0=-ADC=Z,ACD=2C— 20. 


“. £6=L—,— is known. Thus we know two sides 
2 


and an opposite 2 of ABDC. ‘The triangle can then 
be constructed; 2 BDC must be obtuse (24ADC is 
acute), .”. there is only one solution. 

(va) Given BC, AB—AC, 2B. Then ABCD (see Ex. iv) can 
be constructed. 

(vb) Given BC, AB+AC, 2B. Suppose BA produced to E, 
so that AE=AC. Then we know BE, BC, 4B, and 
can construct ABEC. Hence ete. 


: oA 
(via) Given BC,1 A, AB—AC. «BDC (see Ex iv)=90° +5. 


., ABDC can be constructed (in only one way, for 
< BDC is obtuse). 
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(vib) 


(vii) 


(vilia) 


(viiid) 


(xiid) 


(xiii) 


KEY TO THE EXERCISES 


Given BC, LA, AB+AC. Let AB>AC. Z4 BEC (see 
A 
Ex. vb)=5.- .. A BEC can be constructed (one 


solution only as 2 BCE is obtuse). 


Given D, E, F, the feet of the 1s. Then A, B, C are 
the ex-centres of A DEF. 

Given £B, the altitude AD, and the perimeter. Con- 
struct AABD, This gives AB and therefore AC + CB. 
Along BD cut off BE=AC+ CB; then the 1 bisector 
of AE cuts BD at C. 

Given LA, AD, und the perimeter. The solution 
depends on Theorem 13, i. Construct 2A, and 
cut off from its arms lengths AY,, AZ, each = the 
semi-perimeter. Describe a circle to touch the 
arms at Y,, Z,. With centre A and radius AD 
describe a ©. Then the base of the A will be an 
internal common tangent to these two ©s. 

Given ~ B, side BC, and BQ the bisector of 1B. ABCQ 
can be constructed; hence A ABC. 

Given AB+AC, and the angles. Construct AA‘B’C’ 
having the given angles. Then make AB so that 
AB: A’B’=AB+AC:A’B’+A'C’. Hence AABC. 

See (x). 

Given LA, its bisector AP, and the altitude AD. The 
rt. angled AADP can be constructed. Draw lines 


: AGEs : : 
making 4s 5 with AP on the two sides of it. 


These lines meet PD produced in B and C. 

Given LA, its bisector AP, and the altitude BE. Con- 
struct AABE, draw bisector AP, join BP and produce 
to meet AE in C. 

Let AD be the given altitude. Make 2 DAB =90° —B, 
DAC =90°-C; this gives B and c. If either B 
or C is obtuse, the complement is negative, and AB, 
AC fall on the same side of AD. 
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(xiv) Let BA be produced to E, so that AE=AC. Let 
-BCE=0. Then 2.B+6=180°-ZzE, and 
@—LC=LACE=ZLE, .. 20+24(B-C)=180°. 


be gig geass 


Cc 
niger known angle. Hence A BCE 


can be constructed ; and in only one way, *.. BE>BC. 


125. Let X be the image of H, the orthocentre, in the given side. 
Then X is on the-cireumcircle, which can now be drawn, 
cutting the side in two angular points, and HX-in the 
third. 


126. Draw the circumcircle, and let AH meet it in X, The 
1 bisector of HX cuts the © in B and C. 


127. Trisect the given median BB at G (BG=2Gf). On BB 
describe an are containing A. With G as centre and 
2 Aa as radius describe circle, cutting arc in A. Hence 


A ABC. 
128. <A AEF is similar to A ABC. 
129. Bx?—CX?=BO?-— CO? etc. .*, SBX?= SCX? 


Converse theorem. If points X, Y, Z be taken on the sides 
of AABC, so that BX?+CY?+AZ?= CX? + AY? + BZ?2, 
the perpendiculars erected at these points are concurrent. 

Proof. Let the 1s at Y,Z meet at O; and draw OX’ 1 to 
BC. ‘Then we find that BX” — CX” = BX?— CX. 

.’. BC (BX’— CX’) = BC (BX — CX). 
*, X’ coincides with X. 


130. BX=s—c, CX=s—8, etc. .*. the condition of Ex. 129 is 
fulfilled. 
131. (i) K is the mid-point of are BC, ... KB=KC. Again 
A B 
NEE RBC se el er KAO OBL St 5 
A+B A+B 
And 2 BKI=6, .*. 2 BIK=180°—0——2= ="* "= - xa. 


i= KB: 


132. 


133. 


134. 


135. 


KEY TO THE EXERCISES 


(ii) 2£CK’K=ZYAI and £2 K'CK=90° =z AYI, 
As K’KG, AIY are similar. .°. KK’: CK=1A: YI. 
BW INSCK= KKe VIF eee ARIK Res 


If PIP’ be the chord of the circumcircle that is bisected 
at |, IA. IK =IP?= R?— SI, .. by Ex. 31, SI? =R?— 2Rr. 

As CDE, CAB are similar; and the ratio of the correspond- 
ing sides is constant, as CD:CA=cosC. ‘The distance 
of the centre of © CDE from DE is therefore in a constant 
ratio to that of the centre of © CABfrom AB. But this 


last centre is a fixed point. .*. ete. 

The projection of AE on HA (produced) =that of AB on 
AC=AC=HA. .*. KA produced bisects HE. Similarly, 
HA produced bisects EK. .*. ete. 


The theorem is not true without restrictions. 


To obtain the centres of the touching circles, the bisectors 
(internal or external) of the angles of the quadrilateral 
ABCD must be drawn. It is necessary for the truth of 
the theorem that only one bisector of each angle shall 
be used. 

Assuming ABCD to be convex, the bisectors must be 
either all external or all internal. In either case it 
is»easy to prove that a cyclic quadrilateral PQRS is 
formed. 


. : A+B » Act B 
If the bisectors are internal - P= —,—, or 180°-—,—, 
C+D Ca. 
LR=—5 , or 180° — 7° 
A+B+C+D 5 
ey AIP ae Ra 2 — (= 180°), 
HAE BA CrD : 
orir860° = Sa ee (go 


2 
If the bisectors are external, 
A+B C+D 
= eR 


Ee ec Gone 


<<, 2Pae R= 180 


136. 


137. 


138. 


139. 
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AH 


SD is || to AH, and = a ee mS meets HD at V, where 


AV = 2AS; in fact, on the circumcircle. If HD also 
meets the circumecircle at U, ZLAUV=90°, and AD 
subtends a rt.2 at U. .°*. ete. 


D is the orthocentre of ABCF, .°.. 2 CPB=90°, .°. locus of 
P is a © on diameter BC. 


(a) Let XY be drawn between O and the centre |. Then 
we have the ex-circle of AOPQ; and semi-peri- 
meter = OP (Theorem 13). \ Also 


DRE 180° 7 KYA 90" EOS, 


“a 


(b) Let XY be drawn not between O and |. Then (i) 


is untrue. 
OXY OYX a R® 
EX SSO = eminem so 
2 i, 
(i) Z2ZBAH=90°-B; 4 BAS'= 90°—Z ASy= 90° —C. 
*, é¢ SAH=B~C., 


(ii) H and N-being given, we have S and the circumcircle ; 
also 1 SAH. On SH construct an are to contain 
this angle; this are will cut the circumeircle in A 
(possibly 2 solutions). Where AH cuts the 9-pts. © 
is D; hence, B, C, where the 1 to AD through D 
cuts the circumcircle. 

As to the ambiguity, the ©s of course cut in 2 points, 
but the angle subtended may be the supplement 
of the 2 SAH. The © on SH is divided into a 
major and a minor are by SH; a © whose centre is 
S can either (i) cut both major and minor arcs. 
This will happen if H is outside the circumcircle ; 
in this case only one intersection gives the correct 
angle. (ii) It may cut the minor are in two 
points; this if H is inside the circumeircle. In 
this case there are 2 or 0 solutions according as 
Z SAH is acute or obtuse. (iii) It may fail to cut 
either are. 
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140. 


141. 


142. 


143. 


144. 


145. 


146. 


KEY TO THE EXERCISES 


See Ex. 103. 


Draw the figure for the case in which 2 B> 2 C, and © BIC 
cuts AB produced, and AC not produced. 


Since |, C, E, B are concyclic, ... 2 ICE=4ABI=Z IBC. 
But -IBC=ZIFA, and~ICE=ZIFE (°.: |, C, F, E, are 
concyclic), .*. IF bisects 2 AFE. Hence | is the in- 


centre for AAFE, and EF touches the in-circle of 
A ABC. 


The circumcentre of AHBC is the image of S in BC. If 
the three circumcentres are X, Y, Z, then As XYZ, aBy 
have § as centre of similarity; AXYZ being on twice 
the scale. But Aafy is similar to AABGC, on half the 
scale. .*. AXYZ = AABC. 


Let CD be the diameter through C, S the cireumcentre of 
ABPQ, BN the 1 from B to CP. Then 
4 DBP =z DCP=ZNBQ 
(.: CD, CP are respectively - to BQ, BN). Now BS 
makes with BP the same angle as BN with BQ. ..S 
lies on BD. 


AADE is similar to AABC, and of 3 times the scale. 
The © is the in-circle of AADE, .-. AF=3s— 3a. Also 
AF=s, .. 28=3a, .. 2AF=6s—6a=9a— 6a = 3a = DE. 


Let O be in-centre of AABC. 


AOE + ZOER= eo tick SP Be es one 
LAOE+2Z0 sepa gt =F @ eine . 


*. AD is to EF. 


Let the vertices of the equilateral As be D, E, F. Then 
As AFC, ABE are obviously congruent, .. CF=EB. 
Hence AD=BE=CF. Also LAFC= Z ABE, and if FC, 
EB meet in O, A, F, B, O are concyclic, ... 2 BAO=Z BFO. 
Again, if AD be joined, As ABD, FBC are congruent, 

.BAD=2BFO. Hence 4 BAO=Z BAD, and A, O, D 
are collinear, ... AD, BE, CF are concurrent. 


KEY TO THE EXERCISES aif) 


147. Using notation of Ex. 146, B, C, D, O are concyclic, 
and the cireumcentre (or in-centre) of ABCD is on the 
1 bisectors of OB and Oc. In fact, the A formed by 
the 3 circumcentres is identical with the A formed by 
the 1 bisectors of OA, OB, OC. Now OA, OB, OC form 
3 angles of 120°, .. the said A is equiangular. 

148. The required A is the pedal A of the A formed by the 
three given points. 


149. Let Al, meet circumcircle of ABC in K. Then, asin Ex. 131, 
KB = KC =Kl,. 
Bac A 
5° 


150. BIC = 180 =o = 90" + 


3 Hence the base, altitude 


2 


and vertical angle of A BIC are known and the A can be 
constructed. Hence A. 


151. Common tangents cannot be drawn unless the triangle is 
obtuse-angled. 
HS=2HN; and radius of circumeircle=twice radius of 
9-points ©, .*. H is the external centre of similitude, and 
the intersection of the exterior common tangents. 


152. Let a, 8, y be the mid-points of the sides; L the mid-point 
of AP. We will shew that AP makes with AB the same 
angle as La with AC; and that therefore the bisector of 
Z PLa is || to the bisector of 2 BAC. Join ay, a8, Ly, LB. 
Draw XLY || to Ay and Ba cutting AR, ya in X, Y, and 
ZLW || to AB and ya, cutting Ay, Ba in Z, W. Since 


BNMC are concyclic, 2ABP=ZACP, .. LAyL=ZABL. 
*, AsZyL, X@L are similar, “. LZ :AZ=LY:Ya. Hence 
ZLAZ=L£LaY. But aY is|| to CA. .. ete. 

153. The orthocentre is a centre of similitude of the two circles 
(Ex. 151). 

154. Aafy is similar and similarly situated to AABC, .. if 


AP, BP, CP meet on the circumeircle of ABC, then the 
|s through a, 6, y meet on the circumeircle of ay; 
i.e. the 9-points © of ABC. 
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155. Let the is be HM, HN. Then AH, MN are equally inclined 
to the bisector of _ A, .. MN is || to AS; and MN passes 
through P, the mid-point of AH. Also AP=Sa, .”. PN 
passes through a. 

156. (i) Let the centres of the circumscribed and inscribed ©s 
be S, 1; the radii R, vr. Then there is the relation 
SI? = R?—2Rr (Ex. 132). Let BC be any chord of the 
S © that touches the! ©. Construct a A having base 
BC, in-radius 7, and vertex on the S © and on the } side 
of BC; i.e. with given vertical « (Ex. 150). There are 
two such As, symmetrically disposed with respect to the 
S diameter bisecting BC. Let I’ be the in-centre of one 
of these As. Then SI?=R?—2Rr=spP, .. 1, I’ are 
equidistant from S. Also |, I’ are equidistant from BC, 
on the same side of it, .. one of the two positions of |’ 
must coincide with |; and we have constructed, with an 
arbitrary base, a A inscribed to the S © and cireum- 
scribed to the 1 ©. 

(ii) This depends on Feuerbach’s Theorem that NI=4$R—7. 
The locus of N is therefore a ©; and, S being fixed, the 
locus of H isa ©. 

The following proof of Feuerbach’s Theorem is due to 
V. Ramaswami Aiyar, M.A. (rearranged by Mr R. F. 
Davis). 

Al meets circumcircle in K; KK’ is diameter. Bisect IK in 
L; complete |jogram LKaZ. Draw Il’ 1 to KK’. N is 
mid-point of aP; on aK’ make aN’=aN. Then al’=7, 
oN’=43R, N'I’=4R—r. Za (|| to LK) is equally inclined 


4 
to AH and AS, .*. to N’ao and Na. .*. ZN’=ZN, and, of 
course, ZI= ZI’. Also 2 NaN’=2 2 ZaN’=2 2 IKI=ZILI’, 
Again, KI?=KC?=Ka.KK’. .*. KK’: KI=KI: Ka. Now 
KK’ =4aN. .*, 4aN 3.202 =201, LZ0) oo Nea Zea eles 
.. kites aNZN’, LIZ’ are similar, .:. 2 NZN’=ZIZI. 


LN’/Z’=ZLNZI. .. As N’ZI’, NZI are congruent. 
*, NI =4R—7r=NI. 


157. 


158. 


159. 


160. 


161. 


162. 


163. 
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As As ADB, CDA are similar, OD:0’D=AB:CA. Also 
4 ODO’!=44BDC=90°=Z BAC, .. As ODO’, BAC are 
similar. 


DE is a chord of © DEPC, diameter CP, subtending 4 C, 
*.. DE=CP sinc. Similarly EF=APsinA. If DE=EF, 
AP sinC AB 
CP sinA CB: 
which cuts © ABC in B and another point. (Theorem 37, 
p. 78.) 


*, P lies on a certain Apollonius ©, 


As in Ex. 158, PL. MN=PCsin PCL. PAsinA. Now 


: PB RAG EBS eC 
sin PCL=—, .. PL. MN= ——,sinA, .’. ete. 
2R 2R 
See fig. 25, 
ZL ANM=Z2APM=90°—z PAM=90° —z PBC=90°—22.CSP, 
ete. 


This is a particular case of Ex. 160. It may also be 
proved as follows. Let P, Q@ be opposite ends of a 
diameter; let X, p, g be the images of H, P, Q in BC. 
Then XP, XQ are at rt.2s. .. Hp, Hg, the images of 
XP, XQ, are at rt.2s, .. the Simson lines of P, Q are 
at rt.2s. (See Ex.'116.) 


Let XY be any line 1 to the median Aa, and cut AB, AC 
in X, Y. Draw XU, YU 1 to AB, AC, Let AU meet the 
cireumcircle in V; then V is the point required. 


(i) If ©s BRP, CPQ meet at O, then 
ZL QOR = 360° — POR -POQ=B+C=180°-A, 
.. A, Q@, R, O are coneyclie. 
(ii) 2 BOC = POB+ 4 POC =< PRB+ZPQC=LA+ZQPR 
= const. 
*. © is a point at which the sides of ABC subtend 
fixed angles, .°. a fixed point. 


1) 


G.-S. KM. G. 
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164. 


165. 


166. 


167. 


168. 


169. 
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(iii) If ABC, PAR are similar, BOC=2z2A, etc. .. Ois 
the circumcentre of ABC, Also 
ZL OPR=Z OBA=90° -~ C= 90° —Zz PRQ, 
PO is 1 to QR, .’. etc. .', O is the orthocentre of 
A PQR. 


Let H be the orthocentre, S the cireumcentre of AOAB; 
P the mid-point of AB. Then 
: AB 
OH = 2SP=2. > cot PSB = AB cot AOB = const. 


a 


.. locus of H is a © round O, 


The circumcircle of the A formed by the three lines, 
See Ex. 107. 


The ©s are two of the four ©s touching the sides of the 
A. Given a APQR formed by three of the four centres 
of touching ©s, the A ABC is the pedal A of APQR. 
©ABC is the 9-points © of APQR; and therefore © ABC 
bisects the line joining any two centres of touching @s. 


Let 2A=45°. Then the 9-points centre lies on EF. For 
ZL HDF =Z HBA=45° and 2 HDE=ZHCA= 45°, 
’. CEDF=90°. .°. EF is a diameter of the 9-points ©. 


Let K, L be the mid-points of the arcs BC, BAC. Then 
(see Ex, 131), it is easily shewn that KI = KI, = KB =con- 
stant. .. I, I, are extremities of a diameter of a fixed 
© of centre K and radius KB. Similarly |,, I, are 
extremities of a diameter of a fixed © of centre L and 
radius LB, 


Let AB be >AC and have regard to sense of lengths along 
BC; draw AD 1 to BC; oT oe eee ; 
AB AC AB+AC 
AX? — AY? = DX? — DY*= (DX — DY) (DX + DY) 
= (CX — CY) (DB + DC) = (YB — CY) (DB +,DC) 
_ (AB—AC) BC (DB + DC) 
By AB+AC 
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__(AB— AC) (DB — DC) (DB + DC) 


(AB + AC) 

AB — AC F 2 

= —__—. . (DB* — DC?) 
AB + AC 
_ AB—AC 


———— (AB” — AO?) = (AB — AC)’. 

AB + AC 

170. Take p, g, X, the images of P, Q@, H in AB, Let M, N be 
the projections of P,Q on AB. ‘Then the Simson lines of 
P, @ are the |/s through M, N to pH, gH. Now MN is = 
and || to pq; .’. the Simson lines meet on CH. 


171. Same proof as for Simson line. 


172. The 6 line makes with BC an angle =~ BPN. Now 
L BPN~zBPN’=6~06',_ .". ete. 


173. We must shew that the locus of Y, the projection of P on 
LMN, is a straight line. Now 


[ea 5 : 
—— = sin PMY = sin PAB = const. ; 
PM 


and PY makes a fixed angle with PM. .’. the locus of Y 
is similar to the locus of M, namely a straight line. 
.. the envelope of LMN is a parabola with focus P. 

As a particular case, M, N may occupy the positions C, B, 
since the angle between PC and CA = the angle between 
PB and AB. ‘Thus BC is a tangent to the parabola; and 
similarly CA, AB. 

The figure PMNL remains similar to itself, as all its angles 
remain fixed. Jt is a minimum when PL is a minimum ; 
ie. when PL is 1 to BC. We thus have Simson line 
as the tangent that is nearest to the focus; ie. the 
tangent at the vertex of the parabola. 

b % 


174, This follows immediately from —“— = —"— = —°— =2R, 
sinA sinB sinC 


175. If BE is 1 to CA, then BE isa chord of the © on BC as 
diameter. Also BE subtends 60° at the circumference 
of this ©, and is a side of an equilateral A inscribed. 


therein, 
Fi} 
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176. The theorem is true only if ABC, A’B/C’ are in the same 
sense. 

The two triangles are congruent; and the one may be made 
to coincide with the other by sliding it round the cir- 
cumference. Hence AA’=BB’=CC’. Also AA‘be, BB’ca, 
cC’ab are cyclic quadrilaterals. And the three @s are 
equal, as equal chords AA’, BB’, CC’ subtend equal angles 
at the circumferences. Now bc, ca, ab subtend angles 
A, B, C, at the circumferences of their respective (equal) 
©s, .. be:ca:ab= BC: CA: AB. 

If the triangles are in opposite senses, they have an axis of 
symmetry, on which lie a, 4, . 


177. The angle between the two tangents from a point to a fixed 
© being given, the lengths of the tangents are deter- 
mined, ‘Thus the sides of the triangle are determined. 


178. 4 (BC, B/C’)=2 (CA, C’A’)=Z (AB, AB). .. 2 between 
tangents from a = 2 between tangents from 6 = 4 between 
tangents from C, .”. a, 6, ¢ are equidistant from centre. 

179. LPCM=Z PBN=ZPLY, .. As PCM, PLY are similar, 


*. P@ RPM =) PE PY en tonne aaye 


CHAPTER V. 


180. No; for X, X’ might be internal and external points of 


division. 
P Ba C A 
181. (i) Se ae ee Ley Saal ake AceBiGs Cy 


are concurrent. (Converse of Ceva.) 


(ii) If AX, BY, CZ are the bisectors of Zs, 


BX NCW RAZ TOW Oe en eee 
Say ae =o) a) ne rsa oat 


182. 


183. 


184. 


185. 


186. 


187. 


188. 


Say see ; nil sc AE 
(iii) As AEF, ABC being similar, rain 
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_ BD CE AF AF BD CE bc a 
‘CD AE “BF AE’ BF CD ‘c@ 6 

(numerically)=1. By drawing figures of acute and 

obtuse angled As, it is seen that the product =— 1, 
*. ete. 


Let the join of A tothe meet of BY,CZ cut BC in X. Then 
BX CY AZ 


——.—_.__ =~ 1 (Ceva). .. BX =— CX, .. X is the 
CX AY: BZ 

mid-point of BC. 

BX=X'CeS. CX= X!/By . eS BX No 
=> oe => of att => —. Ww 
: : Cx’ 2 -CX 

BX CY AZ : Bxo (CY auAZ- 

— ,— .-~=~—]1 (Ceva), SS 

GX AY BZ CX CAV A BZ: 


.. AX’, BY’, CZ’ are concurrent (converse of Ceva). 
Here BX =s—)b, CX =s-¢, etc. numeriéally. 

meBxX CY GAL 8-0 veo iso 

= GX AY-B2Z9 sce) sa s=6 

= — 1 (by inspection), .’. ete. 


=1 (numerically) 


BX,=s—c¢, CX,=s—), ete. numerically. 
. BX, CY, AZ, s—c s—a s—b 
RECKAL AY BZy 8 26) be trem 
*, ete. 


= | (numerically), 


Let MN cut BC in L’. Then, as in Theorem 22, 
BL’ BL 
CLA Cy’ 
AN=AP cos@, BN=BPcos(C-—6), BL=—BPcos(A+49), 
CL =OP cos 6, CM = CP cos(C — 6), AM=—AP cos (A+ 6), 
Ean eLC. 


*, L, LU’ coincide. 


BP CR AQ = BP m1 
GPy AR ( BQ") CPT LORY 2 


189. 


190. 


194. 


192. 


193. 


194. 


195. 


Aliter. 
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CQ a AR. 6b BP a Be 
AQ G, BR mas Chae © 
BE ve 5 
. —=-, .*. AP is the external bisector of ZA, 
CP 6b 
Consider QPC cutting sides of A ABa. Then 
BC aP AQ | 
aC’ AP’ BQ 
aP AQ 1 
Boe eS Sl eS SSS AQ==AB 
aC 7 AP : BQ We 
BP CM AN BL CM AN E BP a BL 
CP AM (BN © <CLa AMMBNID var: a Cremrnc ia 
BA” CB’ AC’ _ BA’ BAY CB? GA? 
CA” UAB’. IBC. a CRGRECD aaAC aan Gb 
Let OL, AP meet in X; KP, LP’ in Y; AP, LKin V. Con- 
OB P'Y LX 
sidering ALOP’, we must shew that — 
PB’ LY "Ox = 


* LK is || to P’P, 


PY PRO sor, 
LY? EK > 80 
CX VEY OPza Pe 


Ox OP 20P 20P’ 
. the product of the three ratios is 1. 


Let KP and OL cut at Q. Apply Menelaus to 


A OPQ, transversal LP’Y; and apply the converse to 
A OPQ and so prove BXY a straight line. 


Let Al cut BC at V. Then by Ceva and Menelaus 
BU ; CU=— BV: CV =— AB; AC. 


‘, AU is external bisector of Z A, 


Since F, E, X are collinear, — 
CxXe AE’ 


BX AE BF s—a s—b_ 


*. etc. 


BX CE AF_, 


"CX CE AF s—c s—-a 
*, X, Y, Z are collinear. 


BF 
s—b 
$—Ic’ 


196. 


197. 


198. 


£99; 


200. 


201. 


KEY TO THE EXERCISES 23 


Consider A AQR, and the transversal BCP. 


Qp RB AC_, . PQ_AB 
RP' AB’ QC” "" PR” AC’ 
} ee AE AF’ 
AE. AE’ =AF.AF’, .. =. Now 
AF AE 
AE BF .CD_ | AE BD! CCE’ 
AFSBD™ CEASE wn /AEG@BRin CDE a 


*, AD’, BE’, CF’ are concurrent. 
Consider ADCB. “Let. BH meet CD in V, DG meet CB in U. 
BEeeDVe2-CU, FEVER KG 
DF’ CV’ BU FH’ EH FG | 

Let the 1s to BC, AC be PM, PN. 

aq BM CN, 

BQ’ CM’ AN | 

PQ+AP BP? 
PQ— PB” AP? - 
.. PQ (AP? — BP?) = AP. BP (BP — AP). 
.". PQ (PA + PB) = PA. PB. 
", 2PO. PQ=PA. PB. 

Let YZ, FE meet at P, and let AD meet EF inQ. Consider 
ADEF. The straight line YZ meets DE, DF in Z, Y; and 
the join of D to the intersection of EY, FZ meets EF in p.& 
.. by Ex. 191, EF is divided in the same ratio at P and 
Q@. Now DQ bisects 2 EDF, ... DE: DF=EQ:FQ=EP: FP. 
., P lies on the exterior bisector of 2 EDF, i.e. on BC. 

Let X, Y be the mid-points of P@, PR. Since T, X, S are 

QS RT PX_| 


Tee ete: 


By Menelaus, 


collinear, ... — .—-.»— = 
RS PT QX 
RS - p 
te at eet li . Again, as U, Y, S are collinear 
PT jas 
QS; RY SPuney = ePUN bURG 
RS PY’ Qu ~~” "QU Qs" 
Lastly, as T, U, V are collinear 
QV RT PUL >, Agay' ast 


RVs BT UQuode \WARV “RS 


24, 
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208. 


204. 


205. 


206. 


207. 
208. 


209. 
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Let ZY, meet BC in P; consider AAZY, and transversal 


ZP YC; AB 
BPC. Then i ~===f -But YC =ZB=6 = 
Y,P AC’ ZB 
.’. ZY, is divided in the ratio AC : AB. 
hal Be DG 
By similar As, DH =EC. —. 
EG 
From A DEC and transversal BGF, 
DG EB oe , DG DF CB 
EG CB” DF.’ ‘SEG CF ‘EB’ 
EC CB EBVaCs 
DH= DF, <=. s== DE eae 
CES EB BA EB 
In AFGH 


FE HA GB_DC AD CB _ 
FA’ HB'GE DA’ BC’ OCD 
Let AD, BD be || to CB, CA; AD, CF meet in P; BD, CF in 
Q, area of AABC=A. Let BC=a, AC=6; then by 
similar As PA=na, .*. DP=a(l1—7). Similarly 
l-n 
pa-sa-ep-b(——"), 
Now £C+zPDQ= 180°. 
ADPQ:AABC =DQ. DP: CA. CB 


Lean? oe 
=( = ) ab :ab=(1—n)?:n. 


=1, +. ete: 


OD OE OF ABOC. ACOA AAOB__ 


+ —— = |], 
AD BE CF  AABC’ AABC AABC 


CHAPTER VL. 


AC /22 2-1, <, AD=2BD=2 (AD —AB)y A= igemm 
CB/ DB 

(i) AC=2cm, AD=—6cm. 

(ii) AC=12 cm., AD=4 cm. 
(iii) AC=—6 cm., AD=2 cm. 
0 (es 
CB;/, DB Fan = aeaDy epee 
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210; Ratio=—1. Yes. 


; BD AB : 
211, AABC; AD, AE the bisectors of -A. — = — and is 
DC AC 
iti hag cr nd is negative, .” pes pak 1 
Os V el: S d qe Ri eet) 
Foyt AECts AG “Nes a? BO UEC 
2-2 
212, Let BA=2, BC=y, BD =z, Then B= fF ==, 
heh AORN Slt re 
(as in Theorem 25) — + — =e 


x 


Let CA=z, CB=y, CD 
Al 
ae 


then = /@7%=—1, 
y | y-% 
2 


Let DA =2, ete. 
213. Let OB=b, OC=c, OD=d; then AO=6 and 0? =cd. 


WaphtGpMen’ ‘AD b+e¢ /b+d_ BW +be-~bd—ed 
ora, eer ~ b-c/ b-d_ b+ bd—be—cd 
be— bd 
Bad ae eet Nowe 
Hees b= cd), {AB, CD} ile 
214. Let PA=a, PB=6, PC=c, then DP =c. 
pe: EER ea RE el a 
as’ ae ci 9 Asis 1S Weed Wyk @ See 
DOUCHE Ras C1 =100: 


215. O is mid-point of AB, 
. OC. OD=OB’, .*. (OP - CP) (OP + PD) = OB”, 
but CP=PD, .. OP?—CP?=OB* 
216. OC.OD=OB?= OA’, .*. D coincides with (i) A, (ii) the pt. 
at infinity, (iii) B, (iv) O. 
OA OC OC OAEAC 
‘" OC OB OB-OC CB’ 


217. OA.OB=0C%, 


218. Let O be the centre of the circle. 
Then OP. OQ = (radius)? = OP’. 0Q’, 
. P, P’, Q, Q’ are concyclic. 
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BX’ CY AZ 
CXO2 AVI CR Zane 


a ( <=") ( es 2 eas s—b 
CX! s—a s—b We SECU) Usiaaee 


; Bx PBXs = FON 1 
ON ec XO sc POP Asa Bis 


220. Let X, Y, Z be the points of contact of the excircle 
opposite A. Then by Menelaus’ Theorem 


219. By Menelaus’ Theorem 


BX’ CY AZ_ BR eae ee 
CX’ AY) Biz ac) eee Xo acne 
BX’ _ s—c 
XCw Esau: 


i A BXi/IBXO Tesi 1c s—c¢ l 
TBO xx s —)=-1. 
XC (XO meee s—b 


221. {AB, CD}=—1; PR/RQ@=1. See Theorem 27 (first part). 
222, 223, 225. See Theorem 27. 
226. The parallel to the base through that vertex. 


227. By is || to the arm aC, and is bisected by aA. 
. a{yB, ACk=—1. 
228. DA; DB are the internal and external bisectors of 2 EDF. 
. D{EF, AB}=—1. 
229. Produce YZ to cut BC produced at X’. Let AX, YZ inter- 
sect at W. 
Then A {BC, XX’}=—], as in Ex. 219. 
on {ZY WX be Tey se AZ AKG ere 
230. Let AB be aside of the parallelogram, E the mid-pt. of AB 
and O the intersection of the diagonals. 


Then AB is parallel to an arm of the pencil to be proved 
harmonic; and OA, OE, OB are the remaining arms of 
the pencil and AE = EB. 


*, the pencil is harmonic. 
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231. Let OD (produced if necessary) cut A’B’C’D’ in D”, 


Now {AB, CD}=—1. .:. 0 {AB, cD}=—-1. 
oA Bie OrD etal 
But {A'B’, C’D'}=— 1. 
. D’and D” coincide. .*. O, D’, D” are collinear. 


232. (i) Suppose none of the points A, B, C, D lie on the are 
between O and P, Then 2 AOC =z APG, etc., ete. 
*. the pencils O {AB, CD}, P{AB, CD} are congruent. 
(ii) Suppose P is on the are AD and O on the are BD. 
Produce DO to D’, then the pencils O{AB, CD’}, 
P {AB, CD} are congruent, etc., etc. 
-, if O{AB, CD} =—1, then P {AB, CD}=- 1. 


233. Draw BY, CZ 1 to AX; and let the external bisector of 
ZA cut BC produced at X’ (then 4 XAX’ is a rt. 2). 
Let 6 be the acute ~ between AX and BC. 


‘i A BX / BX’ ; 
Now {BC, XX i 1, ie [Re=7h 


<2) 
BX cos 6 / BX’ cos 6 _ 
XC cos6/ X’'C cos O 


YOK AYA 

L6) == hee Se, 
XZ / AZ 

Le, {¥YZ, XA}=—1. 
{AX, YZ} =—1. 


234. ABCD is a square, P any pt. on the circumscribing circle. 
Suppose P to be on the are AB. 


Since arc AD=are DC, .*. PD is the internal bisector of 
ZL APC. 
Since BD is a diameter, ...  DPBisart. 2. 


*. PB is the external bisector of 2 APC. 
+ PAC, DBt=—1. ‘Th. 28. 


235. Since the diameter CD cuts the chord AB at rt. 2s, 
., are AD=arc BD, .*. PD is either the internal or external 
bisector of 2 APB. Also 2 CPD= 90°. 
PC, PD are the bisectors of 4 APB. 
*, P{AB, CD} =—1. 
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236. 


237. 


238. 


239. 


240. 


241. 


242. 


KEY TO THE EXERCISES 


Since By is || to BC and Ba=aC, .*. yX= Xf. 
Gh a fyB, XCc}= ea alhge DIA Ce NFA Wipe 
Let PA, PB, PC be the given lines. 
Draw PD so that P{AB, CD}=—1; through the given point 
draw a parallel to PD; this is the required line (by the 
first part of the proof of Theorem 27). 


Let A, B, C be the three given points. We want to find P 
so that PA, PB, PC and the given line may form a 
harmonic pencil. 

Let AB cut the given line at D; in ABD find a point OC’ 
such that A, B, C’, D is a harmonic range. Join CO’ and 
let it cut the given line at P. 

Then PA, PB, PC, PD form a harmonic pencil. 

*. a parallel to PD is divided into two equal parts by 
PA, PB, PC. 


BX CY AZ 
By Ceva’s Theorem — .— . — =~—1. 
GX “AY BZ 
BX’ CY AZ 
By Menelaus’ Theorem — . — . —=1, 
CX AY BZ 
BX 
i xo / x’ KO Se ae ; 
ZPQR is a rt.2, .. we want to prove that @P bisects 


LTQN. Now .NQP=90°—2 NPQ=Z Q@PT =Zz TQ@P. 


Draw AE the external bisector of 2A and let it cut BC 
produced at E. Bisect DE at P. 
Then {BC, DE}=—1, and P is mid-point of DE. 


‘7 PB PC= PDA 
5PALl PC? Cha cas 
AC AC AC s 
PB’ PD’ PC + CB PC= CD 
and +— =——~— 4 
BC DC BC DC 
1 1 
=PC(— +—)-2 
BC DC 
2 1 it 
But, since {AB, CD} 1, —~=—+— 


243. 


244. 


245. 


246. 


247, 
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Describe a pair of intersecting circles, the one to go 
through A and B, and the other through C and D. Let 
X, Y be their points of intersection ; let XY cut the given 
line at Z. From Z draw ZT a tangent to one of the 
circles. From the given line cut off ZP and ZQ each 
equal to ZT. Then P and @ are the required points. 

For Z is the mid-pt. of PQ and 

ZF Za 2X ZN ZA. ZB; 
and also = ZC. ZD. 

[Note that this solution breaks down unless Z is outside 
the circles, i.e. unless C and D both lie between A and B 
or neither lie between A and B. It can be seen that 
P and Q are imaginary unless these conditions obtain. | 


BDC is || to SRA, 
.. by similar As, AR: CD=QR: QD=RS; DB. 

But CD=DB, .-. AR=RS. 

Or thus: Draw @QX || to BC and SA;. then QX cuts BC 
and SA at infinity. Since BD=DC, 


> Q{BC, Dw}=—1, .:. Q{SA, Reo} =—1, .-. AR=RS. 
[S{P@, AB} =—1, .-. we have only to prove TQ || to SB. ] 
Since AB is a diameter, ... LATBisart.z, .*. by Th. 29, 


 QTB=Z BTS=< TBS (-.: ST=SB), .*. TQ is || to SB. 
Now S{P@, AB}=— 1 and TQ is | to SB, .*. SA bisects TQ 
(by the first part of proof of Theorem 27). 


ABOA: AEOA= BA: AE=BC: OC, 


‘Saal i OC 
‘ABOA AEOA BC’ 
Similarly PP elo Bivaard 2 2F 
ACOA AFOABG AEOABC’ 
1 it if vy, 


iv. = a9 = = S 
ABOA ACOA AEOA | | OEAF 
Let TQ, PR intersect at S. Since 
TP=TQ, LTQP=2 TPQ=Z PAN (by |js). 
PR is a diameter, ... 2 PQR=90", ... Q{NS, PR}=-—l. 
.. T {NS, PR} =—1; and QN is || to TP, .*. TR bisects QN. 
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248. Let YZ cut AD at W and BC at V. By Ex. 239, 
{BO, DV} == 1,0.) VAXBG, DVE=S= Ly) XY ZY) WV) Se 
“. D{ZY, WVi}=—1; but 2 WDV=90", .. DA bisects 2 YDZ. 


249. Let AB be the fixed chord, CD the 1 diameter, and P any 
pt. on the circle. 
Now are CB =are CA, and are DB= are DA. 
PC, PD are the bisectors of 2 APB, 


P{CD, AB} =-— 1, . 
*, ete, 
7 BA’ CB’ AC’ 
250. By Ceva’s Theorem —;. — . —,=-1. 
CA AB BC 


Again {BC, A’A”}=— 1, .°. BA'/A’C=—BA"/AC; etc. 
BA” CB” AC” ' " " 7 
. yor aay = +1, .. A’, BY, C” are collinear (con- 
CA’ AB BC 
verse of Menelaus’ Theorem), 
251. Since VA’, VB’, VC’ are the internal bisectors of 4s BVC, 
BA’ CB’ AC’ VB VC VA 


CVA, AVB, —~.— .—- = —.—.-—e=], and is 
AC BA CB VC VA VB 
positive. 
, Me BA’ BA” BA" 
Again {BOC, AA} =—1,.:. etc., etc, 


KG" New ORY 
BA” CB” AC” ay aA aaa : 
GAT ADE naa 1, .. A’, BY, C” are collinear, (con- 
verse of Menelaus’ Theorem), 
252, Let BC cut ©B’/C’B in P, @B’C'C in Q, and BC’ in O. 
Then OP, OB = OB’. OC’= 0A"; similarly OQ. OC = OA”. 
Also {OA’, BC! is harmonic, . 
si al 1 l 1 
"OB OA’ OA’ 00" 
Now A’P=OP—OA’ = ol — OA’ = 0A? e = =z) ) 


D ' , OA” feel 1 
and QA’ = 0A’=0Q= 0A'——— = 0A2(— — 5a) 
oc OA’ OC 


. A P=QA’. 
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CHAPTER VII. 


Using the notation of fig. 53, first prove ACPT= ACAQT, 
then ACPN = ACQN. 


The tangent at the point. 


Draw TP, TQ tangents from T ; let PQ cut CT at N’. Then 
by Theorem 30, CN’. CT=CA’, .*. N and N’ coincide ; 
and by Ex. 253, PQ is 1 to CT, .:. XY and PQ coincide. 

The polar is (i) the tangent at T, (ii) the line at infinity, 
(iii) the line through C at right angles to CT. 

Let C be the common centre; let T be any pt. on the 
circle B, and let CT cut the polar of T with respect 
to Ain N, 

Then CN. CT = (radius of A)’. 

.. CN is const. ; and the polar is 1 to CN. 

.. the envelope of the polar is another concentric circle. 

(i) The lines joining the points of contact. 

(ii) The tangents to the cireumceircle at the vertices. 

Using the notation of Chap. IV. (see fig. 19), 

AF.AB=AE.AC=AH.AD. 
FC is the polar of B, EB is the polar of C, and H is the 
pole of BC. 

LXKT =a rt.2=2XNT, .*. X, K, N, T are concyclic, 

*, CN. CT=CK. CX=CS? (’.: SR is the polar of X). 

See Theorem 31. 


Let the line cut the polar of T in H’; then the chord is 
divided harmonically at T and H’, but it is also divided 
harmonically at T and H, .*. H and H’ coincide, .*. H lies 
on the polar of T. 


Let RS cut the polar of T in H. Then N {RS, HT}=—1, 
and 2 TNH isart.2. .*. NH bisects 2 RNS (Th. 29). 
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TR. TS =KT?—KR?=CT?—CR?= CT? — CN. CGT =CT. Ni 
= TH. TK (since K, H, N, C are concyclic). 


The pencil subtended at A is A {CD, BO! which is harmonic 
by Theorem 31. 

Consider the pencil subtended at any pt. P on the circle ; 
produce all the rays of the pencil through P. 

Since the angles subtended at any point of a circle by 
a chord of the circle are equal or supplementary, the 
pencils P{CD, BA}, A{CD, BO! can be made to coincide 
with one another. .’. P{CD, BA} is harmonic. 


Let C be the centre of the circle; and let PQ, CO intersect 
at T. Draw OR at rt. 2s to CO. 

Then OR, OT are the bisectors of 2 POQ, 

. O{PQ,RT}=—1, .*. OR is the polar of T. 

But OR is a fixed line, .°. T is a fixed point. 

If O approaches the centre along a definite diameter, T will 
move to infinity along that line and will in the limit 
coincide with the point at infinity on that line; unless 
the diameter is defined the theorem is meaningless. 


[Misprint in first edition ; for ‘Ex. 344’ read ‘Ex. 266’.] 

If a chord PQ of a circle moves so that the angle it subtends 
ata fixed point O inside the circle is bisected internally 
by the diameter through 0, then PQ is perpendicular to 
that diameter. Let C be the centre of the circle and let 
CO, PQ intersect at N. Prove AOPN=AOQN. 


Let C be the centre of the circle, and let PQ, CO intersect 
at T. 

[If CO bisects 2 POQ, it must be the internal bisector of 
the angle. | 

Through O draw a line at rt. 2s to CO; PQ will be either 
(i) parallel to this line, or (ii) intersect it at R, say. 

In case (ii) O {PQ, TR}=—1, .*. OR is the polar of T; and 
OR is fixed, .*. T is fixed. 

*, PQ is either parallel to OR or passes through a fixed pt. 
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With the construction given, we get X{DB, YZ}=-—1, 
*, {CA, YT$=—1, .. T and Z are both on the polar of Y, 
.. the polar of Y passes through X. 


Let PQ cut the circle at R and S. 

- the polar of P passes through @, .. {RS, P@}=--1. 

.. the polar of Q passes through P. 

Let P move on the fixed straight line XY; and let Q be the 
pole of XY with respect to the circle. 

Since the polar of Q (viz. XY) passes through P, .. the 
polar of P passes through Q, ie. passes through a fixed 
point. 

Let the straight line AB always pass through the fixed 
point C. 

Since AB passes through CG, .. the polar of C passes through 
the pole of AB, i.e. the pole of AB lies on the fixed line, 
the pole of the fixed point C. 


Let P be the point at which the polars of A and B intersect. 
Since P is on the polar of A, .’. A is on the polar of P. 
Again P is on the polar of B, .. B is on the polar of P. 

.. AB is the polar of P. 


This is a particular case of Ex. 274. 
BC is the polar of A and P@ is the polar of P. 
. AP is the polar of @. 


By Ex. 275, AP is the polar of @, .. if AP cuts BC at R, 
{Bc, RQ}=— 1, .. A {Bc, Pa}=—1. 

X’ is on the polar of A, .. Ais on the polar of xX’. Also 
X is on the polar of X’, .. AX is the polar of X’, 
Pon IBC XK) 1, aa eG. XX — 1. 

Let ZW intersect PT at R and XY at S. 

* P{ZW, YT}=—1, .. {ZW, SR}=- 1, 

., the polar of R passes through S. Also the polar of P 
passes through R, .°. R is the pole of PS, i.e. of XY, 
.. Ris a fixed point, .-. PT passes through a fixed point. 


-S. K. M. G. 3 
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279. Let XY, PQ intersect at W. 
“ P{XY, ZQ}=—1, .. {xY, ZW}=- 1, .. Q{xY, ZW} =—-1. 
Now P, Q correspond to two points on the fixed line XY of 
Ex. 278. .*. PZ, QZ correspond to two positions of the 
line PT. 
.. by Ex. 278, Z is a fixed point, the polar of PQ. 
.. XY passes through the polar of PQ. 


280. (i) Any line drawn from a point T to cut the polar of T 
with respect to a circle of infinite radius is bisected 
by the circumference of the circle. 


Or: If AR and NH are two parallel straight lines and 
T a point on AN such that TA=AN, then any line 
drawn from T to cut AR, NH at R, H is such that 
TR= RH. 


ii) If a point T is joined to any point R on a fixed 
iP J Miele 
straight line and TR is produced to H so that 
RH=TR, the locus of H is a fixed straight line. 


(iii) The fixed point would be at infinity, so that we should 
only arrive at the fact that all the polars are parallel 
(which we already know as they are all parallel to 
the cireumference of the circle). 

(iv) Nothing easily intelligible comes from this particular 
case. 


281. Let BC be the polar of A. C 
Then B {PP’,, AC}=—1, and « BAC isart.c. 
.. BA bisects 4 PBP’. 
Similarly BA bisects 2 QBQ’. 
*, PQ, P’Q’ subtend equal angles at B. 


282. Let X be on PQ produced ; draw XY a tangent to the circle 
cutting TP, TQ at Z, W. 
First prove that YT is the polar of X ; then by Theorem 33 
T,{PQ, YX}=—-1, .. {ZW, YX}=—1. 
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Let the tangent at R cut PQ at S, and let TR, PQ intersect 
at X. 

S is on the polar of T, .*. T is on the polar of S; also R is 
on the polar of S, .*. TR is the polar of S. 

7, 4PQ, XS}=—1, .*.R{PQ,/xs} == 1. 

.. HK is bisected at T (°.: HK is || to RS), 

Or thus: Let the tangent at R cut TP, TQ at X, Y. 

Then by similar As 

THe XR aie ox Pabut XR xXPaies. IH Sane: 
Similarly TK=TQ and TP=TQ, .°. TH=TK. 


Let C be the centre of the given circle. 
Then OQ.ON=ON?—NQ. NO = ON?— NP? = CO?— CP? 
= CO? — CT?=0T?=0T? 
. OT, OT’ touch the circles TQN, T’QN. 


Let AR cut the circle at X, Y. 
Then QP=QA=QR. .*. QX.QY= QP?= QR’. 
+, {XY, AR}=—1, .*. R lies on the polar of A. 


Let OC cut the circle in A, B; let TS cut NO in X. 
Having regard to sense, XO? = XS. XT = XA. XB 
= CX?— CA? = CX? — CN. CO = CX?— (CX + XN) (CX + XO) 
=—CX.XN-CX. XO—XN. XO. 
.*. (XO + CX) (XO+XN)=0. Now XO+CxX + 0, 
“. XO+XN=0, .*. X is the mid-point of ON. 


Or thus: Let OS cut the circle ABT in Y. 

Then 2 XOS = 2 STO,= ZS 1. ...%.) 1X 18) [,to, OX, and 
T;-T’,-S; Y subtend a harmonic pencil at T (Ex. 265). 
.. T{ON, SY}=—1, .*. TS bisects ON. 


Let the tangents at A, B intersect at R, and those at C, D 
at S. Then RS is the polar of O (Ex. 260). 

. R{PQ, SO}=—1, and S{Pa, RO}=— 1 (Theorem 33). 

*. O, P, Q are collinear. 

[The last step is a particular case of Theorem 56; it can 
easily be proved as follows :— 


3—2 
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Let OP cut QR, QS, RS in gq, q, T. 

Now R {PQ, SO}=—1, .*. {Pg, TO}=-1. 
And S {PQ@, RO}=— 1, .. {Pg’, TO}=—1. 
.. g, 7 coincide, .:. Q is on OP.] 


Let TP, TQ be the tangents, R any point on the circum- 
ference; draw RX, RY, RZ perpendicular to TP, TQ, PQ 
respectively. 

Now RX = RPsin XPR, RY = RQsin YAR, 

and RZ=RPsin ZPR = RQsin ZQR. 

But 2 XPR=Z ZQR and 2 YQR=Z ZPR, .°. RX.RY=RZ?, 


Let X, Y, Z be the points at which the incircle touches 
the sides. 

YZ is the polar of A; and the polar of D is the perpendicu- 
lar from P to ID or YZ. Let this perpendicular cut YZ 
ata, Then a is the pole of AD. 

Similarly £, y, the feet of the perpendiculars from P on ZX, 
XY are the poles of BE, CF. 

Now a, , y lie on the Simson line of P with respect to the 
incirele. 

Since a, 8, y are collinear, their polars, AD, BE, CF, are 
concurrent (Ex. 272). 

Let P, Q be the two points, C the centre of the circle ; and 
let CP, CQ cut the polars of P,Q at N,M. Draw PX, QY 
1 to the polars of Q@, P; and draw PR, QS 1 to CQ, CP. 

By similar As, CP: CQ@Q=CR:CS. 

*.. CP. CN = (radius)? = CQ. CM, 

. CP:CQ=CM:CN. 

“, CP: CQ=CM—CR:CN—CS= PX: QY. 

Let T be on the polar of O. Draw TP, TQ tangents to the 
circle. As T is on the polar of O, O is on the polar of T. 

. POQ is a straight line. 

Let PQ cut the polar of O in R. Draw OX, OY 1 to 
TP, TQ, and OL, PM, QN 1 to TR. Then RT is the 
polar of O, and PT the polar of P. 
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. CO:CP=OX:PM. Similarly CO: CQ=OY:QN. 


Again RT is the polar of O. .*. {P@, RO}=—1. 
1 1 2 
— + =, 
RP RQ _ RO 
1 1 2 


MIEN T OL 
om) ue CO oe 
ve GPOX “CQOv” OL. 

1 gil ie, Cr 
" OX” oY OL’ CO 
.., the harmonic mean between OX, OY is constant. 


= const. 


CHAPTER VIII. 


Let C be the centre of the given circle and P any point 
on it. 

Let C’, P’ be the mid-points of 00, OP. 

Then C’P’: CP=0C’:0C=1: 2. 

*, O'P’=40P. 

.*. the locus of P’ is a circle with centre OC’. 


OP : 5 ; = 
oq sin POQ, .*. OQ is constant, .°. locus of Q isa circle. 


Draw a line through P 1 to PA, and cut off Pa=PA, ete. 
Let AC, ac intersect at X. 
First prove A Pca = A PCA. 
ea PAC: 
Hence, in quadrilateral PAXa, since 1 APa= 90", 
ZL AXa=90°. 


A circle whose centre C’ is the intersection of CC’ drawn 
at rt.2s to OC and OC’ drawn so that 2 COC’=4 POQ 
(in magnitude and sense). 

This could be proved independently from the similarity of 
As COP, C’0Q. 
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Draw a line through the centre of similitude O making a 
small angle with OPP’ and cutting the curves at Q, Q’. 

Then OP: OP’=0Q:0@Q’, .. PQ is || to P’Q’, 

Now move OQ up to the position OP; in the limit, we 
have the tangents at P and P’ parallel. 


Suppose OP touches one of the curves at P, then we may 
regard OP as cutting the curve in two coincident points 
at P. .. OP cuts the other curve at two coincident 
points at the point corresponding to P. .°. OP touches 
the other curve and the points of contact are correspond- 
ing points. 


Let D, E, F be the centres of the circles A, B, C. Let PQ 
cut EF at O and the circle B at R. 

Then 2 DQP=Z DPQ=4 EPR=Z ERP. 

*, ER is || to QF. 

*, OF -OFR—ERTEQ: 

*, O is a centre of similitude of the two circles. 


Let C, C’ be the centres of the two circles; let PP’ touch 
them at P, P’ and cut EF at O. 

Then As OCP, OC’P’ are similar. 

8. nOC SOCICPCir¢ 

*, O is a centre of similitude of the two circles. 

The two ends of the diameter perpendicular to the given 


line are the two centres of similitude. 
[ Note that the ratio is zero or infinite. | 


Any point whatever is a centre of similitude. 


The line of centres contains two distinct points at infinity, 
and is therefore the line at infinity, The centres of 
similitude are therefore at infinity. 


Z BAC is constant and AB : AC is constant, .*. by § 3, p. 72, 
B and C describe similar loci. 
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807. See fig. 23. The centres of similitude are the two points 
which divide SN internally and externally in the ratio 
2:1; these are G and H, the centroid and the orthocentre. 


808. (i) Let OA be the perpendicular from O to the line, and 
B the point corresponding to A. 
Then ~ AOB=ZXOY, ..2AOX =z BOY and 
OA:: OB = OX : OY, -++-OAK=ZOBX, ..".. L OBY is a 
rt.-, .. the locus of Y is a straight line through B 
at right angles to OB. 


Or thus: OX: OY =const. and Z XOY is const, 
.’. the locus of Y is similar to that of X by § 3. 
.. the locus of Y is a straight line. 


(ii) Let C be the centre of the circle, and ©’ the point 
corresponding to C. 
Mhen) 2.COC’= Zz XOY, 3.12 COX=2 C'OY,,- also 
OCMOC OX: OY, nu CXu CG Yi— OC 0G .— cONsL: 
*, CY is const. .*. the locus of Y is a circle. 
Or thus: As in (i) the locus of Y is similar to the locus 
of X; and is, therefore, a circle. 


809. Take the AABC; call the inscribed circle P, and Q the 
escribed circle opposite A. Draw the tangent to P at the 
point furthest from BC and let it cut AB, AC at B’, C’. 
Then BC’ is || to BC. 
Now the figures P, B/C’ and Q@, BC have A as centre of 
similitude, .-. the point of contact of B/C’ with P and 
that of BC with Q are collinear with A. 


310. [Misprint in Ex. 310; for P read D.] 
Let AD cut the cirele at E. Then AD.DE=BD.DC; but, 
by hypothesis, AD’: BD. DC=const., ... AD: DE= const. 
. AD: AD +DE=const., i.e. AD : AE= const. 
. the locus of D is similar to that of E, A being the centre 
of similitude. 
.', the locus of D is a circle touching the given circle at A. 
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Let AC, OD intersect at P. 
AO BD CP 
Consider AABC, — . — .-_=1, .. AP=2PC= AC. 
aie Ae BO: xODi) APhuen’ 3 
.". the locus of P is a circle, touching the given circle at A 
and having its diameter = 2 AB. 


The triangle ABC is fixed; and CD is given in length, 
.. the locus of D is a circle with centre C. .. the locus 
of P, the mid-point of BD, is similar to the locus of D, 
and is therefore a circle. 

Again @, the mid-point of AC, is fixed. .. the locus of 
the mid-point of PQ is similar to the locus of P and is 
therefore a circle. 


Let C be the centre of the circle. From CO cut off 
cc’=1C0; with centre C’ and radius equal to $ of the 
radius of the given circle, draw a circle to cut the given 
circle at P; and let OP cut the given circle again in Q. 

O is the centre of similitude of the two circles, 

”,OP=40@. .. Pa=10a 

[Another solution may be obtained for the case in which 
Q@ lies between O and P. In this case CC’=10CO, and 
the radius of the new circle = 3 of the radius of the given 
circle. | 


[By putting C at B, D, and the ends of the diameter 
perpendicular to BD, we get several positions of P, from 
which we see that the locus may consist of two straight 
lines parallel to BD and at a distance equal to half a 
radius from it. | 

Let OP, AC intersect at Q; draw PM, QN 1 to BD. 

AAPO = AAPQ,.*. AOCQ=AQNO, .. QN=OC. 

But PM= 4 QN=}0C =const. 

*, P is at a constant distance from BD. 

.. the locus of P is a pair of straight lines parallel to BD 
at a distance = 40C from BD. 
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Let ABC be the given equilateral A, and PQ the given 
straight line. On PQ describe an equilateral A PQR. 
Let S, T be the circumcentres of As ABC, PQR. 

With S as centre and radius = TP, describe a circle cutting 
each side of AABC in two points; let the points in 
AB, BC, CA nearer to A, B, C respectively be X, Y, Z. 

Then As AXS, BYS, CZS can be proved congruent. 

.. by §3, AXYZ is similar to AABC, and is therefore 
equilateral ; and XY:AB=SX:SA=TP:SA=PQ: AB. 

*, AXYZ is the required equilateral A with its sides 
equal to PQ. 

[The other points in which the circle XYZ cuts the sides of 
AABC would give another solution. } 


Let PQR be any A of the given species; let A be the given 
point and OX, OY the given lines. 

Let B be a moving point on OX, and let AABC be similar 
to APQR. 

Then 4 BAC =~ Q@PR and AB: AC= PQ: PR. 

.. the locus of C is similar to the locus of B. 

.. the locus of C is a straight line. 

Then the required position of C is where this line cuts OY, 
etc., ete. 


OP.OQ=const.=# say. OP.OR=F. .. OQ@:OR=?: # 
.. the locus of R is similar to that of Q and is therefore 
a circle. 


CHAPTER IX. 


Let A, B be the centres of the circles. 

AP, BP are at rt. 2s to the tangents at P. 

.. L APB = one of the zs between the tangents at P. 
Similarly 2 AQB = one of the 2s between the tangents at Q. 
But LAPB=ZAQB. .. ete. 
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Let A, B be the centres of the circles, P one of their points 
of intersection. 

Draw PT the tangent at P to the ‘A’ circle, .. APT is a 
rt... But the circles cut orthogonally, .. as PT is a 
tangent to the ‘A’ circle, PA is a tangent to the ‘B’ 
circle. And .*. PT, which is at rt. 2s to the tangent PA, 
passes through B. 


Let O be the centre of ©B, and OT a tangent to @A. 
OT = the radius of B, .. T is on the circumference of B. 
.. the tangent to B at T is at rt. 2s to OT. 

.. the circles are orthogonal. 


Let P, @ be the given points, and let the tangents at P, Q 
intersect at C. With centre C and radius CP describe a 
circle ; this is the required circle. 

If P, Q are opposite ends of a diameter, the point C will be 
at infinity and the required circle will consist of the 
diameter PQ together with the line at infinity. 


Let P be the given point. Along the tangent at P, cut off 
PC equal to the given radius. With centre C and radius 
CP describe a circle ; this is the required circle. 

Yes, 


With centre P and radius equal to one of the tangents from 
P describe a circle ; this circle will cut the given circle 
orthogonally. Proof as in Ex. 320, 


Let P, Q be the common points of the two orthogonal 
circles A and B. The tangents to A at P and Q@ pass 
through the centre of B by Theorem 34; but the point 
of intersection of these tangents is the pole of PQ. 


Draw the tangents at one of the points of intersection, 
these pass through the centres of the circles. Apply 
Pythagoras’ Theorem. 
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Tf the sum of the squares on the radii of two circles is equal 
to the square on the distance between their centres, the 
circles cut orthogonally. 

Let A, B be the centres of the circles, and P a point of 
intersection. 2APB is art.4 (converse of Pythagoras’ 
Theorem), .’. PA, PB are tangents and are at rt. Ls. 

Let AB be divided harmonically at C, D; let O be the mid- 
point of AB. he square on tangent from O to © on CD 
as diameter =OC.OD=OB’, .. the circles cut orthogon- 
ally (see Ex. 320). 


Let O be the centre and AB a diameter of one of the circles, 
let AB cut the other circle in C, D. 

OC . OD = the square on the tangent from O = OB’. 

*. {AB, CD} =—1. 

Let O be the centre of the given circle. 

The square on the tangent from O to any circle through 
P, Q=OP.O0Q=the square on the radius of the given 
circle. .. the circles cut orthogonally. 

Let O be the centre of the given circle, and P the fixed pt. 
Let OP cut one of the variable circles again at Q. 


‘.. the circles cut orthogonally, .. the tangent from O to 
the variable ©= the radius of the given ©, ... OP. OQ= 
(radius of given ©)’, .. Q is a fixed-point. 


Let P and R be the given points, and O the centre of the 
given circle. 

In OP find @ such that OP .OQ = (radius of given ©)?. 

Then any orthogonal circle through P Be through Q 
(Ex. 330), 

Through P, Q, R describe a circle; this is the required 
circle. 

If O, P, R lie in a straight line, P, Q, R lie in a straight line. 
Therefore in this case the circle degenerates into the 
straight line OPR with the line at infinity. 

If Q coincides with R, an infinite number of circles can be 
described to satisfy the conditions. 
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332. Draw PT, PV tangents at P to the two circles ; let T and 
V be on the side of APB opposite to Q. 
LAPT =ZLAQP, and - BPV=£BQP; but the circles cut 
orthogonally, ...- TPV=art.2,.°. LAQB=art./. 


333. Let P, @ be the common points of the two ©s; and let 
4 $ PAQ, PBQ be the complementary angles. 
Draw PX, PY to touch the circles PBQ, PAQ. 
Then 4 XPQ=Z PBQ, and 2 YPQ=Z PAQ. 
EXPNelstantby a. 
*, the circles cut orthogonally. 


334. Let P, Q be the fixed points on the ©, AB the variable 
diameter and let AP, BQ intersect at R. 
(i) When R is outside the circle. 
4 PR@ is complementary to the angle in the major 
segment on PQ (since AB is a diameter, and the 
angle in a semicircle is a rt. Z ), 

‘, the locus of R is a circle through P, Q orthogonal 

to the given circle. 
(ii) When R is inside the circle. 

Let BP, AQ intersect at R’. Then R’ is outside the 
given circle and on the orthogonal circle found 
above. 

* AB is a diameter, .-. 2s APR’, BQR’ are rt. Zs. 

*. P, QR, R’ are concyclic. 

*, the locus of R in this case also is the circle found 
above. 


335. Let QR be the given base, and let P be the required vertex. 

Since PQ:PR is given, .*. the locus of P is an Apollonius 
circle. 

Again since the area of the triangle is given and the base, 
the locus of P is a pair of straight lines || to QR. 

The intersections of these loci give the positions of P. 

There seem to be four solutions in general, but it can be 
seen that there are really two pairs of congruent triangles 
so that in general there are only two solutions. 


336. 


337. 


338. 


339. 


340. 


341. 


342. 
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As in Ex. 335, P lies on an Apollonius circle and also on 
a segment of a circle on QR as base. 
There is one solution. 


Let A, B, C be the given points and P the required point. 

Since PA : PB =const., .*. the locus of P is a circle. 

Since PB : PC =const., .. the locus of P is a circle. 

The points of intersection of these two circles are the 
positions of P. 

In general there are two solutions. 


Let ABC be the required triangle, and D the mid-point of 
BC. Let the bisector of 2A cut BC at E. Then D,E 
are given and the direction of EA. 

Now BE: EC = AB: AC (given). 

Take any line By, bisect it at 6, and divide it at € so that 
Be: ey=AB:AC. In DE produced, find a point C such 
that DE: EC = de: ey; from CD produced cut off DB=CD. 

Since AB: AC is given, the locus of A is a circle through e« ; 
draw this circle; it cuts the line of the bisector again 
at A. 

Since {QR, XY}=-— 1, .. ©s PQR, PXY cut orthogonally, 
*. the tangent at P to circle PXY passes through the 
centre of © PQR (Theorem 34). 


Let ABC be the triangle. The circle obtained from the 
bisectors of 2A is the locus of points which move so 
that the ratio of their distances from B, C=AB: AC. 
Similarly for the other two circles. Let these two latter 
circles intersect at P, Q@. Then PC:PA=BC:BA and 


PA:PB=CA:CB. .:. PB: PC=AB:AC. .°. P lies on 
the circle obtained from the bisectors of 2A. Similarly 
for Q@. .*. the three circles pass through P and Q. 


Suppose R and § coincide. The theorem reduces to the 
identity PR. RQ=PR.RQ. 
If P, Q, R, S are points on a straight line 
PS.RQ+PQ.SR=PR.SQ. See Ex. 2. 
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By Ptolemy’s Theorem PA.BC=PB.CA+PC.AB; but 
BC=CA=AB. .°. PA=PB+ PC. 

Let P be the point whose locus is required. 

Then PA= PB + PC, and BC = CA= AB. 
- PA.BC=PB. CA+ PC. AB. 

*, ABPC is a cyclic quadrilateral. 

*. the locus of P is the minor are BC of the circle ABC. 


Take the cyclic quadrilateral PQRS (take the letters in 
order), PQ is to be a diameter and 2 QPR=a, 4 PQS=8. 
“. LSPQ=90—f. 2. LSPR=90—(a + 8). 

By Ptolemy’s Theorem SR.PQ+PS.RQ=PR.SQ. 

And SR= 2psin (90 — a + ) = 2p cos (a + B), 

PQ=2p, PS=2psin B, RQ=2psina, PR=2p cosa, 
SQ=2pcosB, .°. ete. 
(i) Take the cyclic quadrilateral PQRS with PQ a diameter. 
Let 2. SPQ=a and LRPQ=f, .. LSPR=a—f, 
etc., etc. as in Ex. 340. 
(ii) Take the cyclic quadrilateral PQRS with PR a diameter. 
Let 2 Q@PR=a, and 4 PRS=8, .. 4 SPR=90—£, 
“. LQ@PS =90 +a—8, 
*, SQ= 2p sin (90 + a — 8) = 2p cos (a—£), .°. ete. 

P, L, or C may have the suffix 3 (the other suffixes being 0). 

P, L, or C may have the suffix 2, in each of which cases 
there are two ways of choosing which of the remaining 
letters has the sufiix |. 

Or P, L, C may each have the suffix 1. 

.. the number of cases = 3 + 6+ 1=10. 


PsL,C). One case only. [Elementary Geometry, p. 224. | 
PjLsCy. Four cases. [Hlementary Geometry, pp. 243, 244. ] 


Let A, B be the given points. Let AB produced cut the 
given line at T. Draw any circle through A, B; and 
from T draw TD the tangent to it; on the given line 
make TC=TD. Describe the circle ABC. 


350. 


351. 


352. 


353. 
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*TC?=TD?=TA.TB, .*. TC touches this circle at C. 
In general there are two solutions, for TC may be measured 
along the given line in either direction. 


Let A, B be the given points. Draw any circle through 
A, B to cut the given circle at P, @. Let AB, PQ cut 
at T. From T draw TC to touch the given circle at C. 
Describe a circle through A, B, C.. This is the required 
circle, for it touehés TC at C (TA. TB=TP.TQ=TC?”), 
and therefore touches the given circle at C. 

In general there are two solutions, for two tangents may 
be drawn from T to the given circle. 


Let A be the given point, and OX, OY the given lines. 
Draw any circle to touch OX, OY on the same side of OX, 
OY as A. Let OA cut this circle in A’, and let OX, OY 
touch the circle at B’, C’; through A draw AB || to A’B’ 
to cut OX at B, and AC || to A’C’ to cut OY at C. Describe 
the circle through ABC. This is the required circle ; for 
the figure ABC is similar to the figure A’B’C’, O being the 
centre of similitude. 

In general there are two solutions, since OA cuts the 
construction circle in two points. 


Let X be the centre of the circle which touches the line 
CN at N and the circle with centre Y at M; let MN cut 
the ‘Y’ circle again at A. 

Now 2LYAM=ZYMA and «2 XNA=z XMN; but 2s YMA, 
XMN are either equal or the same angle. 

". LYAM=Z XNA; ... YAis || to XN, .. YA is 1 to CN. 


Follow the directions given ; then describe a circle through 
P and P’ to touch the given line. See Ex. 349. 

In general there are four solutions, since P may be joined 
to either end of the diameter perpendicular to the given 
line, and two circles can be described to pass through two 
points and touch a given line. 
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354. Let M, N be the points of contact of the required circle 
with the given circle. Then MN passes through one of 
the centres of similitude of the two circles (Ex. 301). 


355. 


356. 


(i) 


Suppose that MN passes through O, their external 
centre of similitude. 

Draw the straight line OC’BCB’ through the centres of 
the given circles. Let OMN cut the circle C’BM 
again at N’. 

Then 2 ONC=z ON’ (0 is the centre of similitude 
of the two circles), and 2 ON’C’=2 OBM (-. B, M, 
N’, C’ are concyclic), ... L ONC =24 OBM. 

*. M, N, B, C are concyclic, .. OM. ON =OB.OC. 

Let P be the given point; in OP take P’ such that 
OP.OP’=0OB.OC. ‘Then describe a circle to pass 
through P, P’ and touch one of the given circles. 

By reversing the above steps it can be shown that this 
circle will also touch the other given circle. 


The above will need slight modification for the case in 
which MN passes through the internal centre of 
similitude. 

In general there are four solutions ; for two circles can 
be described to pass through two points and touch 
a given circle so that each case admits of two 
solutions. 


See directions given in text. 

In general there are eight solutions ; for two circles can be 
described to pass through a given point and touch two 
given lines, and the parallels may be drawn on either 
side of the given lines. The eight solutions are all real 
if the given lines intersect inside the given circle. 


Call the given circles A, B; let a, b be their radii (a <b). 

Consider any circle D which touches Aand B and the given 
line, L. 

A circle can be drawn concentric with D which (i) passes 
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through the centre of A, (ii) touches a circle concentric 
with B of radius b +a, (iii) touches a line parallel to L at 
a distance @ from it. 

Hence we may say that, by parallel translation, the given 
problem reduces itself to the subsidiary problem of 
describing a circle having given P,L,C,. 

In general there are eight solutions; for in making the 
parallel translation there are two possible positions for 
the line and two for the circle concentric with B; this 
seems to indicate sixteen solutions (the subsidiary problem 
has four solutions), but a figure will show that half the 
solutions of the subsidiary problem do not lead to solutions 
of the given problem. 


Or we may see that there are only eight solutions by 
regarding the circle A as decreasing in radius and 
becoming a point-circle (the circle B and the given line 
remaining fixed) ; every solution of P,L,C, represents the 
coincidence of two solutions of P,L,C,, for we can find 
pairs of circles which touch B on opposite sides which 
will coincide when B becomes a point-circle; and as 
there are four solutions of P,L,C,, there are, in general, 
eight solutions of P,L,C.. 


357. Reduce one of the circles to a point by the method of 
parallel translation; the problem is thus reduced to 
describing a circle having given P,L,C. 

In general there are eight solutions. As in the last Ex., 
there seem to be sixteen solutions of the subsidiary 
problem, but in this case also only half of them lead to 
solutions of the given problem. 


Or we may see that there are only eight solutions by 
reasoning similar to that of Ex. 356; for each solution 
of P,L)C, represents the coincidence of two solutions of 
PyL Cy. 


G.-8. K. M. G. 4 
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Let A be the given point, B the centre of the given circle 
and r its radius. 

Let P be the centre of any circle which passes through A 
and cuts the given circle orthogonally. Draw PN 1 
to AB. 

BP? =7" + PA® (Theorem 35), .. BN?—NA?=7", .. N is a 
fixed point. 


.. the locus of P is a straight line through N 1 to AB. 


Let P, Q be the centres of the two circles. Let AP cut the 
orthogonal circle at N. 

Then PN. PA=(tangent from P to © ABN)? = (radius of ‘ P’ 
circle)’; and ANB isart. 2, .. NB is the polar of A. 
Similarly the polar of A with respect to the ‘Q’ circle 

passes through B. 
Let O be the common point nearest to BB’. 
Let P, P’ be the centres of the two circles. 
LAOA’=4 PAO +4 P'A'O=4 POA+Z POA’. 
But LAOA’+LPOA+ZPOA’=art.c. 
LAOA’=fart.c. 
Similarly 4 BOB’=2 PBO +4 P/BO=Z2 POB+Z P‘OB.. 
And 4 BOB’+2POB+Z P’OB’=3 rt. £8, 
= £ BOB i= 2yohlasrta4, 
“. LAOA’ +2 BOB’ = 2 rt. Zs. 
Let BX, AY intersect at Q. 
First consider the case in which BX, AY intersect without 
being produced. 
4 AQB=ZLAXB+Z4XAQ 
=LAXB+24APB+2ZAYB 
= const, (°.* the arcs AB are fixed), 
.. the locus of Q is an are of a circle. 
The above proof will need modification for the other cases. 
Let A, B be the centres of the two circles; let P be a 
point on the locus. * 
Draw PQ, PR tangents to the two circles. 
LS APQ, BPR are half the 2s subtended at P by the circles. 
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As APQ, BPR are similar. .. AP: BP = AQ: BR =const. 
.. the locus of P is a circle (Theorem 37). 
By Theorem 37 the locus of P is a circle. 
Let the locus cut AB internally in X and externally in Y. 
Since m > 1, Y is in AB produced. 


AX=m.XB,  .”. AB=AX+XB=(m+1)XB. 
AY =—m.YB,  .". AB= AY — BY =(m—1) BY. 
oxy = na (<4 + : ie silled 
m+l m-1 m —1 


. . m 
‘. the radius of the circle = AB eam 
Since AXBY is a harmonic range, 

*, the polar of A passes through B. 


CA: CA’=AB:A’B’=const. .°. C lies on an Apollonius 
circle, A, A’ being the fixed points. 

Again 4 BAC=z B/A‘C, in the same sense; .. the locus of 
C is a circle through A, A’. 

This circle cuts the Apollonius circle in two real points, for 
the Apollonius circle cuts AA’ internally and externally. 

. there are‘always two positions of C. 

Let the chords AA’, BB’, CC’ intersect at X. 

AB’ XA BOC’ XB CA’ XC 

BAPUAB OR IXG AC XA’ 

#. AB. BC’ “CA =BA’.CB. AC’. 

Let C, O be the centres of the orthogonal circles ; and let 
a line cut the ‘C’ circle in P, P’ and the ‘0’ circle in 
Q, @’; suppose {PP’, QQ’}=—1. Draw CN 1 to PP’. 

Then (by Theorem 26), NQ. NQ’= NP?= CP? — CN’. 

But NQ. NQ’ =(tangent from N to ‘0’ circle)’ = NO*—0@’. 

.. CP? — CN? = NO? - 0Q’. 

But CP? + 0@’= CO? (the circles are orthogonal). 

*, CO?=CN?+ NO* 

.. either C and N coincide, or CNO isart.z. 

In the latter case PP’ passes through O. 

. the chord must pass through C or O. 


By similar As 
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See Ex. 340. 


Make a rough sketch of AABC, draw AD the bisector of 
LA, produce BA to X so that AX = AC, join XC. 


. . BC 
Then AD is |j to XC, and we are given AD, BK? and B—ZC. 


Now construct the required figure by the help of the 
rough sketch. Draw AD. 

Now BD: BA=BC: BX, and CD:CA=CD:XA=BC: BX. 

oa 2b C lie on an Apollonius circle ; draw this circle. 

Again LADC=B+4A=90°+4B—4C; so make - ADC 
and the line DC will cut the circle in B and C. 


Let OX, OY be the given lines, and P one of the vertices of 
the rhombus. Let OP cut the circle in Q. Along OP 
cut off OR = PQ. 

A circle equal to the given circle can be described through 
R to touch OX, OY; if this circle is now magnified in the 
ratio OR : OQ, the circle so obtained will pass through Q 
and, by the principle of similarity, it will touch OX, OY 
and the tangent to it at Q will be parallel to the tangent 
at R, and therefore parallel to the tangent at Q to the 
given circle. Therefore this circle will touch the given 
circle at Q. 

In general OP will cut the given circle in two points and 
there are four possible positions of P ; so that in general 
there are eight solutions. 

[It is interesting to make rough sketches to show when 
some of the solutions are imaginary. | 

(i) See Ex, 349. 

(ii) Let A, B be the given points, and let AB cut the given 

line in T. 

Through AB draw any circle (of diameter > the given 
chord), in this circle draw a chord CD =the given 
chord; describe a concentric circle to touch the 
chord ; from T draw a tangent to the inner circle 


KEY TO THE EXERCISES 53 


cutting the outer at E, F. From the given line cut 
of TA. THe TELTF: 

Now TG.TH=TE.TF=TA.TB, .*. A, B, G, H are 
concyclic, 

Also GH = EF = CD = the given length. 

>. ABGH is the required circle. 

(iii) Let A, B be the points through which the circle is to 

pass, and G the other given point. 

If AC cuts the circle again in D, (tangent from C)? 
=CD.CA; hence CD can be determined, and the 
required circle drawn through A, B, D. 


371. Let S be the mid-point of PR; draw AT, BX 1 to PQR. 
' Now AS?+ SB?=AT? + TS? + SX? + BX? 
= AT? + XR? + TQ? + BX? 
(‘.. TS=XR, and SX = TQ) 
= AQ’ + BQ’ 
= AB 
+2 ASB ista rb. 2. 


372. Invert with regard to O, the theorem becomes :— 
A’, B’, C’, D’ are points on a circle and A’C’ is 1 to B’D’, let 
A’B’, CD’ subtend angles 6, at any point O on the 


: . T us 
circle; then either 6+=5, or 0+(r—g)=5, or 


Tv 
$+(r—6)=—;. In other words; then the acute angles 
=! 


subtended by A’B’, C’D’ are complementary ; which is 
easily proved. .*. the given theorem is true. 
373. Let M be the mid-point of EF. Draw OD || to EF to cut 
AB at D. 
** EM=MF, .. O{EF, MD}=—1, 
*, O{AB, CD}=—1, .. D is a fixed point. 
Again 4 BOD =Z BEF =2Z BAF. 
As BOD, OAD are similar. 
.. DB: DO = DO: DA. 
.“. DO?=DB.DA=const. .’. the locus of O is a circle. 
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374. Let ©s FBD, ABC cut at O. 
Then the feet of the perpendiculars from O on the sides of 
A ABC and on DE are collinear. 
*. O is on the circle CDE. 
Again Z DOF =Z ABC, or 180° —Z ABC, 
and ZL DOE = 180° —Z AGB, or £2 ACB, 
according as DE/DF = 1. 
>», 2/DOF, 4, DOE and FD/DE are constant. 
.. the figure ODEF is given in specie. 
’. £ FBO =Z FDO =const., and O is on the circle ABC. 
*, O is a fixed point. 


375. Let A, B be the centres of the two circles; let P be any 

point on the circle on SS’ as diameter. From P draw 
PQ, PR tangents to the two circles. 

Now S, S’ divide AB in the ratio AQ: BR, 

*, AP:BP=AQ:BR_ (Theorem 37). 

-, As QPA, RPB are similar, 

Z QPA=Z RPB. 

.. the whole angles subtended at P by the two circles are 

equal. 


376. Suppose ABCD to be the required quadrilateral in which we 
are given AC, BD and the angle between them and the 
angles ABC, ADC. 

Draw AC, and on opposite sides of it construct ares AB‘C, 
AD’C to contain angles equal to the given angles. 

Draw AA’, CC’ || to the direction of BD and equal to BD; 
on A’C’ describe an are equal to the arc AB’C, and let this 
are cut the arc AD’C at D; draw DB | to A’A to cut the 
arc AB'C at B. Then ABCD is the required quadrilateral. 

For - ABC, L ADC are equal to the given angles, BD is 
drawn || to its proper direction and is of the given length 
since the are A’DC’ was moved by parallel translation 
through a distance equal to the length given for BD. 


3877. 
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Let D be the mid-point of AB. 


(i) When AB cuts the circle at P, Q. 
Let CD cut the circle again at E. 
Then {AB, PQ}=— 1, and AD= DB. 
DAG DE DQ=DE. DC. 
*, Eis a fixed point. 
.. the centre of the circle lies on the 1 bisector of CE. 
ie. the locus._of the centre of the circle is a line 1 
to CD. 


(ii) When AB does not cut the circle, then A must be 
outside the circle. Let O be the centre of the circle 
and let OA cut the polar of A at A’; since A is outside 


the circle, .*. A’ is inside, ... DA’ cuts the circle. 
Let A’D cut the polar of A’ at B’. Then AA’BB’ is a 
rectangle. .. DA®=DA?®=DE.DG, etc. as in the 


first case. 


Let ABC be the A, and let AB, AC pass through the fixed 
points P, @. Draw AR || to BC to cut the © APQ at R. 

Then 4 QAR=Z ACB, .’. R is a fixed point. 

Draw AD, RS 1 to BC; then RS =AD =const. 
. BC always touches the © with centre R and radius 
=AD. 


Let ABC be the A and let AB, AC touch circles with centres 
P,Q. Through P, @ draw A’B’, A’C’ || to AB, AC to cut 
BC at B’, C’, 

Then AA‘BC’ is fixed in size and shape, and its sides 
A’B’, A’C’ pass through P, Q. 

.. the envelope of B’C’ (i.e. of BC) is a circle. 
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CHAPTER X. 


380. Let T be any point on PQ produced ; draw TR, TS tangents 
to the two circles. 
ThensTR?=7, Ps. .O—mS a eeiiR—hce 


381. Let A, B be the centres of the circles; and let the line 
through P cut the ‘A’ circle in W, X, and the ‘B’ circle 
in Y, Z. Draw PN 1 to AB. 

Then PW. PX =AP?— AX? = PN? + AN2— AX, 
and PY. PZ = BP” — BY? = PN? + BN? — BY”. 
But P is on the rad. axis, ... AN?— BN?=AX?— BY’, 
oe UPN ERS Se IPM [ES 
[The above proof holds even in the case when P is on the 
common chord of two intersecting circles; in that case 
AP? — AX? is negative. | 
382. Using the notation of Theorem 40, let AN =x. 
Then a —(d—a)? = R?— 2", 


*, the values of a are (i) 1:38, (ii) 1:67, (iii) 2°60, 
(iv) — 1°67, (v) — 1:13, (vi) —1, (vii) 3-08, (viii) — 2°12, 
(ix) —1, (x) 1. 
383. In both cases the radical axis is the straight line which with 
the line at infinity constitutes the circle of infinite radius. 


384. Their common tangent at their point of contact. 


385. Let the common tangent touch the circles at Q, R and cut 
the rad. axis at P. By def. PQ=PR. 


386. Draw two common tangents and join their mid-points, 
this line is the rad. axis of the circles. 
This construction fails when one circle is inside the other. 


387. 


388. 


389. 


390. 
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Use the notation of Chap. IV., see fig. 17. 
The rad. axis bisects XX,, and BX, = XC, 
. the rad. axis bisects BC. 
pons the rad. axis cuts AC at the mid-point of YY,, and 
therefore at a distance from A 
E(AY + AY,) =4(s—at+s)=$ (b+). 
Similar i for AB. 


Let the ex-circle opposite A touch AB, AC at D, E, and that 
opposite B touch them at F, G. 

Then X is the mid-point of DF. 

*, AX=4SAD—4$AF=3s-—4(s-c)=he. 

Again Y is the mid-point of GE, 

*, AY=4AG+4AE=43(s—c)+4s=h (a+b). 

Let the common tangent touch the two circles at Q@, R, and 
cut the common rad. axis at O and the third circle at 
P, P’, 

Then O is the mid-point of QR, and OP. OP’=0Q’. 

*. {QR, PP’}=- 1. 

PQ.PQ’=PR.PR’, .. the tangents from P to the two 
circles are equal, ... PN is the rad. axis. 

[The above proof does not hold if P is inside the circles ; 
the following proof holds in all cases. 

Let A be the centre of the ‘Q’ circle, and B of the ‘R’ 
circle. ; 

Then PQ. PQ’=PR. PR’, .. AP?— AQ?= BP? — BR’, 

*, AN?— BN?= AQ’— BR’, .”. PN is the rad. axis. | 

(i) The line through the mid-points of the tangents 

from the point to the circle. 

(ii) The perpendicular bisector of the line joining the 

points. 

(iii) The line. 

(iv) The line. 

(v) The line at infinity. 

(vi) Any parallel line. 

(vii) Any line through their point of intersection. 
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Draw any circle through the given point to cut the circle 
at R, R’; let the tangent to this circle at the given point 
cut RR’ at P; draw PN 1 to the line joining the given 
point to the centre of the given circle. Then PN is 
the rad. axis. 

Yes, except when the point is at the centre of the circle. 


Let A, B be the centres of the circles, PQ, PR tangents to 
them from P. 
Draw PS 1 to AB, PM 1 to the rad. axis; and let the rad. 
axis cut AB at N. 
Then P@?— PR®= AP? — AQ?— (PB? — BR?) 
= PS? + AS? — AQ? — PS? — BS? + BR? 
= AS* — BS’ — (AQ’— BR’) 
= AS? — BS? — (AN? — BN?) 

(Nis on the rad. axis) 
= (AS — BS) (AS + BS) — (AN — BN) (AN + BN) 
= AB (AS + BS — AN —BN) 

2.AB.NS 
= 2.AB. MP, 


Call the circles A, B, C. 
Let the rad. axis of A, B cut the rad. axis of A, C at P. 
Then the tangent from P to B = the tangent from P to A 
= the tangent from P to C. 
‘, P is on the rad. axis of B, C. 
.. the three rad. axes are concurrent. 


The common tangents at the points of contact are the 
rad. axes, and therefore they are concurrent. 


The circles on AB, AC as diameters both pass through A 
and the foot of the altitude from A. Therefore the 
altitude from A is their rad. axis. Similarly for the 
others. 

.. the orthocentre is the rad. centre of the three circles. 


The point of concurrence of the perpendicular bisectors of 
the lines joining the points, ie. the centre of the circle 
through the three points. 
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The rad. axes are all parallel to one another (- they are 
all 1 to the common line of centres). 
.. the rad. centre is at infinity. 


The rad. axis of the two concentric circles is at infinity. 
’. the rad. centre is at infinity. 

[Or thus: The rad. axes of each of the two concentric circles 
with the third circle are parallel, .". etc. ] 


The rad. axis is the common tangent at the point of 
contact. C may be any circle touching the common 
tangent at the same point. 


The common chord is the rad, axis of A, B. C may be any 
circle through the points of intersection of A, B. The 
common chord is also the rad. axis of B, C. 


At T’ draw a line 1 to PT’ to cut AN at B; then B is the 
centre of the circle. PN is the rad. axis. 


When R is on the radical axis. 


From points between L and L’. 

The square on the radius = NR?— NB?= NL?— NB”, which is 
negative. 

The radius is of zero length, .’. the circle is a point circle. 


The radius of the orthogonal circle is equal to the tangent 
from P to any circle of the coaxal system. 

‘ this circle with centre P passes through all the points 
of contact of the tangents from P to the coaxal system. 

this circle cuts all the circles of the coaxal system 
orthogonally. 

The orthogonal circle must cut the point-circles of the 
system orthogonally ; i.e. must pass through L and L’ 
which are fixed points. 

Or, from first principles, thus : 

Let A be the centre of a circle of the system, PQ the 
tangent to it from P, and let the rad. axis cut the line of 
centres at N. 
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Then PQ? = PA? — AQ’= PN®? + AN? — AQ’. 

Now, since the system is of the non-intersecting type, 
AN> AQ, .*. PQ>PN. 
. the orthogonal circle cuts the line of centres at two 
points, L and L’ say. 

And PL? = PQ? ...::PN? + NL2= PN? AN®— AQ’ 

*, NL?=AN?— AQ? which is independent of the position 
of P on the rad. axis. 

*, L and L’ are the same for all positions of P on the rad. 
axis. 


See Theorem 42. 


The limiting points and common points all coincide at the 
point of contact. 


Let A be the given circle, and B, C, D, circles of the coaxal 
system, 

Let the rad. axis of A, B cut the rad. axis of the system 
at P. 

Then the tangent from P to A= that from P to B 

= that from P to C. 
.. the rad. axis of A, C passes through P. 
Similarly for the rad. axis of A, D, ete. 


Proof of Ex. 389 applies. 


Let XY cut the rad. axis in P. 

Since L is a point-circle of the system, 

PP xXePNe 

*. PX, PL, PY are in geometrical progression. 

*, the 1 distances of X, L, Y from the rad. axis are in 
geometrical progression. 


Let QR be the common tangent cutting the rad. axis at P; 
and let L be a limiting point. 

Then PL=PQ=!PR? 

* LQLRisart.-2. 
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Let L, L’ be the limiting points; N the foot of the rad. 
axis ; and X, Y the points at which LL’ cuts any circle of 
the system. 

Then N is the mid-point of LL’ and NX.NY= NL’. 

1. O% LET = 1, 
*, the polar of L passes through UL’. 


Let P, Q, R, ... be circles of the family. 

Then A and B are-on the rad. axis of P, Q. 

*. AB is the rad. axis of P, Q. 

Similarly AB is the rad. axis of any other two circles of the 
family. 

*, the family is coaxal. 


If circles are described with A, B as centres to pass through 
the points of contact of the tangents from A, B; these 
circles belong to the orthogonal coaxal system, 

Now the given family will be of the non-intersecting type 
if the orthogonal system is of the intersecting type. 

ie. if AB < the sum of the tangents from A and B and 
> their difference. 


Let L, L’ be the limiting points, A the centre of any circle 
of the system, 7 its radius, ; 


‘Let PQ be a diameter of the circle PLL’, and let AP cut the 


circle PLL’ at R, 
‘+ the circle PLL’ passes through the limiting points, 
. the circle with A as centre cuts it orthogonally. 
Pp enAR. AP = 7. 
And 2 PRQisart.Z. 
*, RQ is the polar of P with respect to the ‘A’ circle. 
Similarly the polar of P with respect to any other circle of 
the system passes through Q. 


Let the tangents from T to the ‘A’ circle touch at P, Q, 
and those to the ‘B’ circle touch at R, S. Let PQ, RS 
intersect at X. 
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Now TP=TQ=TR=TS, .*. P, Q, R, S are concyclic. 
UAP wAGQ = XRIAXKS.- 
*, X is on the rad. axis of the given circles. 

Also T is on their rad. axis. 

*, TX is the rad. axis and is therefore 1 to AB. 


The mid-point of each common tangent lies on the rad. 
axis. .'. the mid-points of the four common tangents 
are collinear. 


The common chord of any pair of the circles is their rad. 
axis; and the three rad. axes are concurrent. .*. the 
three common chords are concurrent. 


Draw the common tangents at A, B, C; they all pass 
through one point, S say. 

Now SA=SB=SC. 

*, S is the circumcentre of A ABC. 

Also SA 1 to EF, ete. 

*. S is the in-centre of A DEF. : 

*, the circum-circle of ABC is the in-circle of DEF. 


(i) When the coaxal system is of the intersecting type, all 
the circles pass through the same two points, so the 
problem reduces itself to the following :—To describe 
a circle to pass through two given points and touch 
a given circle (see Ex, 350). 

(ii) The rad. axes of the given circle and the circles of the 
system all cut the rad. axis of the system at the 
same point (see Ex. 411). 

Draw any circle of the system (it is convenient for it 
to cut the given circle), draw the rad. axis of this 
circle and the given circle and let it cut the rad. 
axis of the system at T; from T draw TP a tangent 
to the given circle ; draw PC 1 to TP to cut the line 
of centres at C; with C as centre and CP as radius 
describe a cirele—this is the required circle. 
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For it touches the given circle; and, since its centre 
is on the line of centres and it cuts orthogonally the 
circle of centre T (which is of the orthogonal system), 
it is a circle of the given system, 


Let L, L’ be the given points, and N the mid-point of LL’, 

Let one of the circles cut LL’ at A, B. 

Then {LL’, AB}=—-1. .°. NA.NB= NL’. 

., the circle is one-of the system of coaxal circles of which 
L, L’ are the limiting points. 

Similarly all the other Apollonius circles are members of 
that coaxal system. 


Let T be the given point and PQ its polar. Draw TN 1 
to PQ. Bisect TN at O. 

Then the centres of all the circles lie along TN. 

Let any circle of the system that cuts PQ cut it at P’, Q’. 

Then TP’, TQ’ are tangents to this circle. 

And the rad. axis of this circle and the point-circle T is a 
line through O || to PQ. 

.'. this circle is a member of the coaxal system of which 
T and N are limiting points. 


Similarly every other circle of the given system that cuts 


PQ is a member of the coaxal system. 

Any circle of the given system that does not cut PQ has 
PQ outside and therefore T inside; and N will be the 
pole of the parallel to PQ through T. 

.. by the above this circle will be a member of the coaxal 
system of which N and T are limiting points. 

-, all the circles of the given system are coaxal, and their 
rad. axis is midway between the given point and line. 


Let L, L’ be the limiting points of the coaxal system deter- 
mined by the two given circles. 

Each of the common tangents subtends a rt. 2 at L and L’ 
(see Ex. 414), 
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.. the four circles whose diameters are the common tangents 
all pass through L and L’. 

.. they are coaxal, LL’ being their rad. axis. 

Or thus: Each of the four circles is orthogonal to the 
two given circles. .*. the four circles belong to the 
associated coaxal family. 


See Ex. 425. Since the common tangent is a diameter of 
the new circle, it is obvious that it cuts the given circles 
orthogonally. 


Let A, B be the centres of the given circles, and r, R their 
radii. 

Let P, Q be the centres of similitude, N the foot of the 
rad, axis. 

Let NA=a, NB=0, NP=p, NQ=gq. 

Then 7 = 0 R= © Sayan area (i) 


Ud Bie 
ee ae ee 


“. p, g are roots of the equation 


BHO a 
a Ree 


or a (R?—7") + x ( ) + WR? — 67? = 0, 
or a? (R?— 7?) + &( ) + a? (R? — 1?) — 7? (B?— a?) =0, 
or a (R?— 7°) + x ( )+#(R?— 1?) =0. [by (i).] 
Oy pur 
*. circle on PQ as diameter is coaxal with the given circles, 


te : 
=e (according to figure). 


The following proof is interesting but it is not applicable to 
the case in which one circle is inside the other. 

Let A, B be the centres of the circles; and let QR, one of 
their common tangents, cut their rad. axis at P and the 
line of centres at O. Then O is one of their centres 
of similitude; let O’ be the other. Let the circle on 00’ 
as diameter cut OP again at S. Let N be the foot of the 
rad, axis. 
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Now 2 OSO’isart.2. .*. AQ, O'S, BR are all parallel. 
And {AB, 0O'}=—1. .. {aR, OS}=—1. 
And P is the mid-point of QR. .*. PS .PO= PR’, 


*, P is on the rad. axis of the circle OSO’ and the given 
circles. And the centres of the circles are collinear. 
.. the circles are coaxal. 

(i) See Ex. 359. 

(ii) Let A be the given pole and B the point of concurrence 
of the polars. Let C be the centre of one of the 
circles, P a point on it, and let CA cut the polar of 
AatN. Let O be the mid-point of AB. 

The circle on AB as diameter passes through N ; and, 
since CN.CA=CP®, this circle cuts the ‘C’ circle 
orthogonally. .°, CO? = OA? +CP®. 

Now the square on the tangent from O to the ‘C’ 
circle = CO?— CP? = OA? which is the same for each 
of the three given circles. 

*, the line through O 1 to the line of centres is 
the rad. axis of the three circles, and the circles are 
coaxal. 


Let A be the given pole and B the point of concurrence of 
the polars. 

In Ex. 428, we proved that the circle on AB as diameter 
cuts each of the given circles orthogonally. 

And there is only one circle which does this, unless they 
are coaxal. 
. the locus of A is the common orthogonal circle. 


(i) See Ex. 414. 

(ii) Let CD be the internal common tangent to which OL 
is to be proved parallel. Let CD cut the rad. axis 
at E and AB at F. 


Now FB=FD, .*. AF+FB=FC+FD, .. 20A=2FE 
(O, E are mid-points of AB, CD). But OL=OA. 
«. OL= FE. 


or 


G.-S. K.M, G. 
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Again ECL=EC >EF —.CF,= OA = FA =i0F, 
*, OLEF is a parallelogram. 
LOL. iss toxcCD! 
Similarly OL’ is || to the other internal common tangent. 


431. (i) See Ex. 340. 


(ii) By the first part the three circles are coaxal, their 
rad. axis being the line joining the two common 
points. 

[If we can prove that the circumcircle cuts these 
circles orthogonally, the circumcentre must be on 
the rad. axis. | 

Let the bisectors of 4A cut the base at X, Y, and let 
O be the mid-point of XY. 

Then {BC, XY}=-1, .. OB. OC =OX?=0A’, .*. the 
circle AXY cuts the circumcircle orthogonally. 

Similarly the other two circles cut the circumcircle 
orthogonally. 

.. the circumcentre is on the rad. axis of these three 
coaxal circles. 

. the two common points and the circumcentre are 
collinear. 


432. Let A, B be the given points, and C the centre of the given 

circle. 

Describe any circle through A, B to cut the given circle at 
E, F; let EF, AB intersect at O; draw OC to cut the 
given circle at G, H. 

Now OG. OH=OE. OF =OA. OB. 

.. A, B, G, H are concyclic and this is the required circle. 

[If AB, EF are ||, then AB, GH are ||. ] 


433. Let A, B be the centres of the given circles, P the centre of 
the cutting circle ; and let this circle cut the ‘A’ circle 
at X, Y, the ‘B’ circle at Z, W and AB at Q,R. Draw 
PN + to AB. 
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Now A is the mid-point of XY, .*. 2 PAX is a rt.c. 
*, PA? — PB?= BZ? — AX? = const. 
* AN? — BN? = PA?— PB? =const. 
. N is a fixed point. 
Again PQ?=PX?= PA? + AX’. 
PN? + NQ?= PN? + AN® + AX?®. 
NQ?= AN? + AX?= const. 
Q is a fixed point. 
Similarly R is a fixed point. 


434. Let the circle through C cut BC at Y, and that through B 
cut BC at Z; and let the circles intersect at X. 
Now BA?=BC.BY, and CA?=CB. Cz. 
BA 3AC i= BYPZC: 
Again DCG: DY = DA. DX: = DB. DZ. 
iasDiDC— DY: ZD—BD .DY @DC- ZDpi- BY. ZC 
= BA? : AC’, 
435. Let A be the centre of the given circle. Draw QM 1 to 
the rad. axis. 
Now T?= QP? QK*?=2.AK. QM (Ex. 393), 
and T?=QP?— QK?=2AK’. QM. 
Again AK.AK’= AP? (Ex. 415), 
*. As APK, AK’P are similar. 
*,PK:PK’ =AK:AP=AP: AK’. 
K?: PK? = AK: AK’. 
Butta = AK AKe 
eh Pirie Kes 
436. Let C be the centre of the given circle through A, A’; 
and D the centre of the circle PP’Q. 
Draw PM to their rad. axis. 
Then PA?— PP? = 2PM. CD (Ex. 393), 
and, since O is a circle of the system, 
PO? — pp? = 2PM. OD (Ex. 393). 
PA? CD — 
PO? OD’ 
ee 
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P’A? CD 
Similarly PO? = OD . 
PA PA’ 
~ POP Oy 


Now, in As PAX, P‘A’X, 2 PAX = 2 P’A'X, and 
L PXA=180°—Z2P'XA, 


PA PA’ 
Px PGE 
. PXmuRO 
BX PO! 


*. OX bisects 2 POP’. 


CHAPTER XI. 


The same straight line. 

A concentric circle. 

The point at mfinity on the line. 

The centre of inversion. 

20B=0A+0C and OA. OA’=OB. OB’=0C.0C’. 

2 1 1 4 ; ' ; 2 
._s = = t+ SS, d60 SCA, OB, OC. are: in. EP: 
OB OA OC 
*, O, A’, B’, C’ is a harmonic range. 

Let A, B, C, D form a harmonic range ; let O be the point 
on the line, and A’, B’, C’, D’ the inverses of A, B, C, D 
with respect to O, and & the constant of inversion. 

LetjOA— a, OB 001, OA —(natane 

b-a d—a a 


{ac, BD} =—], .. ag =e 


tal Tent d'-a ie d a 
Now {A‘C’, B/D} = (oa fe <q = PF 3 ane 
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B is the mid-point of AC. 

. B and the point at infinity divide AC harmonically. 
Now the inverse of the point at infinity is O. 
.. by Ex. 446, B’ and O divide A’C’ harmonically. 


When the inverse is a straight line, it may be regarded as 
the limiting case of a circle. 


Let OA be a diameter of © OAP, and let A’, P’ be inverses 
of A, P. Then OP. OP’ =0OA. OA’. 
POA ="2, OPA art. 27) aan. O0C: 


Let © be the centre of inversion, C the centre of the circle. 
Let OC cut the circle again at A and its inverse at A’; 
let C’ be the inverse of C. Then OC. O0C’=OA. OA’, but 
OA=20C, .*. OC’=20A, and OA’ is 1 to the inverse 
of the circle. 


Since O is on the radical axis of a and £, 
OA. OA’ = OB. OB’ =0C.O0C’=OD.OD’, 
‘, A’, B’, C’, D’ are the inverses of A, B, C, D with regard 
to O. But ABCD is a straight line. 
.. A’, B’, C’, D’ lie on a circle through O. 


(i) 0, P, P’ are each equidistant from A and B, .*. OPP’ is 
a straight line. 
(ii) Let AB cut PP’ at N. Since PBP’A is a rhombus, 
AN=NB and ZPNAisart.z. 
.*. OP. OP’ = ON? — PN? = OA? — PA? = const. 


The locus of P is a circle through O; and, by Ex. 453, P’ 
is the inverse of P with regard to 0. .*. the locus of P’ 
is a straight line. 


Let O be the centre of inversion, OT a tangent to the circle, 
P any point on the circle, and let OP cut the circle again 
in P’. Take OT as radius of inversion. 

Now OP. OP’=OT®, .:. P’ is the inverse of P, .*. the inverse 
of any point on the circle lies on the same circle. 
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(i) Yes; with a negative constant of inversion equal to 
the rectangle contained by the segments of any 
chord through the point. 

(ii) No; for the circle then inverts into a straight line. 

Invert with regard to their radical centre C, the constant 

of inversion being the product of the segments of any 
chord through C of either of the circles. Since the 
constant is the same whichever circle we take, by 
Exs. 455, 456, each circle will invert into itself. 


Let O be the centre of inversion, AB the diameter through 
O of the given circle and C the centre of the given circle ; 
let A’, B’, C’ be the inverses of A, B, C. 

Let OP be a tangent to the given circle, then OP touches 
the inverse circle at P’. 

Now OP.OP’=0C.0C’, .. C, P, P’, GC are concyelic, 
*, £OC/P'=2 OPC=art. L. .*. C’ ison the polar of O 
with respect to the inverse circle. 

Otherwise thus; AB is divided harmonically by C and the 
line at infinity. .-. by Ex. 446, A’B’ is divided harmoni- 
cally by C’ and O. .*. C’ is on the polar of O with 
respect to the inverse circle. 


This follows at once by p. 69. 


Let OP, PQ be the two given straight lines. Since one of 
the lines inverts into a straight line, the centre of inversion 
must be on one of the lines, at O say. 

Let P’, @’ be the inverses of P, Q. 

Now the inverse of P@ is a circle through O. 

*, one of the angles between OP’ and the tangent to this 
circle at P’=2 0Q’P’=2 OPQ for P, P’, Q, Q’ are con- 
cyclic (OP. OP’=0Q.0Q’). 

Let PQ, PR be the two straight lines and O the centre of 
inversion. 

The tangent at O to the inverse of PQ is || to PQ, and the 
tangent at O to the inverse of PR is || to PR. 
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.. the angles between these tangents are equal to the 
angles between PQ and PR, 

.*, the angles at which the circles intersect are equal to the 
angles at which the lines intersect. 


Let O be the centre of inversion, OT a tangent to the given 
curve at T, and T’ the inverse of T. 

The angle between OT and the curve is equal to the angle 
between their inverses, i.e. is equal to the angle between 
OT and the inverse curve. 

But the angle between OT and the curve is zero. 

.. the angle between OT and the inverse curve is zero. 

.*, OT’ touches the inverse curve at T’, 


A’B'C’ is a straight line, O a point outside it; circles are 
described through 0, A’, C’ and through O, B’, C’; then 
the angles at which OA’ cuts the circle OA’C’ are equal to 
the angles at which OB’ cuts the circle OB’C’. 


Let OA be the diameter, and P any -point on the circle. 
Let A’, P’ be the inverses of A, P. Inverting the theorem, 
we have A’P’ at rt.2s to OA’; a circle is described 
through O, A’, P’; then OP’ cuts the circle OP’A’ at the 
same angle that OP cuts PA, ie. OP’ cuts the circle at 
rt. 2s, .*. OP’ is a diameter. 

In fact, we have the original theorem in a converse form. 


Inverting the theorem with regard to O, we get the theorem 
‘‘OP’, OQ’ are lines through a fixed point O inclined at a 
constant angle and intersecting a fixed circle through O 
in P’, Q’; the envelope of the line P’Q’ is another circle.” 

The inverse theorem is true, for Z P’OQ’ is constant, .’. the 
length P’Q’ is constant, .*. P’Q’ is at a fixed distance from 
the centre of the circle OP’Q’. 

.. the original theorem is true. 


Invert with regard to A. Let B’, ©’, D’ be the inverses of 
B, C, D. 

The circles ABC, ABD cut orthogonally, ... B/C’, B’D’ cut 
orthogonally. 
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Now the circles CAD, CBD invert into the line C’D’ and the 
circle C’B’D’; and, since . C’B’D’ is a rt.2,.". CD’ is a 
diameter of the circle C’B’D’, and .:. cuts it orthogonally. 

. the circles CAD, CBD cut orthogonally. 


Invert with regard to O; let A’, B’, C’ be the inverses 
of A, B, C. Write corresponding properties in parallel 
columns. 


O, A, B, C are concyclic, A’, B’, C’ are collinear, 
a circle is described on a st. line is drawn through A’ 
OA as diameter. at rt. 2s to OA’. 
etc. . etc. 
To prove that these To prove that these st. lines 
circles intersect again intersect again in three pts. 
in three collinear pts. which are concyclie with O. 


Proof of inverse theorem. The feet of the perpendiculars 
from O upon the three straight lines are collinear, .*. O 
is on the circumcircle of the triangle formed by these 
three lines, 

.'. the given theorem is true. 


Inverting with regard to O, and taking B’, C’, E’, F’ for the 
inverses of B, C, E, F, we get the inverse theorem: 
if B’C’, B’E’, C’F’ are three st. lines, and OB’F’, OC’E’ are 
st. lines 1 to C’F’, B’E’, then B’E’, C’F’ intersect on the 
1 from O to B/C’. 

The inverse theorem follows at once from the fact that O 
is the orthocentre of the triangle whose sides are B’C’, 
B'E’, CF’. .*. the given theorem is true. 


Let the line OPQ cut ©PQR at P, Q and the polar of 
O at S. 

Inverting with regard to 0, © PQR inverts into a ©P’Q’R’, 
the straight line OPQ into a straight line OP’Q’, and the 
polar of O with respect to © PQR into a circle having for 
diameter the line joining O to the centre, C, of © P’Q’R’ ; 
this circle will cut OP’Q’ at S’ the inverse of S. 
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Now £0S'C isa rt. 2, .*. S is the mid-point of P’Q’. 
. {PQ, OS} is harmonic (Ex. 445). 


Let L, L’ be the limiting points, A the centre of any circle 
of the system, and @ any point on that circle. 

Any circle through L, L’ cuts the circles of the system 
orthogonally. .. AL. AL’=AQ’. 

‘, L, L’ are inverse points with regard to any circle of the 
system. 


Let O, 0’ be the common points of the systen. 

Invert with regard to O; since all.the circles of the system 
pass through O, they invert into straight lines; and 
since all the circles pass through O’, the straight lines all 
pass through the inverse of O’. 


“If a system of straight lines are concurrent, a system of 
circles can be described which cut all the straight lines 
orthogonally.” 

It is obvious that the circles are concentric, the centre 
being the point of concurrence of the lines. 


Invert with regard toa limiting point ; the system of circles 
through the limiting points inverts into a system of 
concurrent lines through the inverse of the other limiting 
point, and these lines must be cut orthogonally by the 
circles inverse to the given circles. 

the given circles invert into a system of concentric 
circles having the inverse of the other limiting point for 
centre. 


Another system of intersecting circles, the common points 
being the inverses of the common points of the given 
system. 


Consider the orthogonal system; it inverts into another 
system of intersecting circles (Ex. 474) which must cut 
orthogonally all the circles inverse to the circles of the 
given system. 
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‘, the given system inverts into another system of non- 
intersecting coaxal circles. 


The circle may be regarded as the intersection of a sphere 
and a plane. 

The sphere and the plane invert into two spheres. 

.. the circle inverts into the intersection of two spheres, 
i.e, into another circle. 


N.B. The given circle and its inverse are not, in general, 
in the same or parallel planes ; this can be easily seen by 
regarding the given circle as the intersection of a plane 
and a sphere through the centre of inversion. 


[Misprint; the last sentence should read “Describe a 
sphere through O and the circuinference of the given 
circle ; join O to the pole of the plane of the circle with 
respect to this sphere ; this line cuts the sphere at P.”] 

Let T be the pole of the plane of the circle. 

Take a section through O, T, and the centre of the sphere. 

Let A, B be the section of the given circle, and let AB cut 
the tangent at O in X, 

Then the polar of T passes through X, .. the polar of X 
passes through T, and it also passes through O, .. OT is 
the polar of X, ... O {AB, XP}=—1. 

Let A’, B’, ... be the inverses of A, B, .... 

Now the sphere inverts into a plane 1 to the diameter 
through O, and the inverse circle lies in this plane. 

And the inverse of OX cuts this plane at infinity. 
“. A’P’= P’B’, By the symmetry of the figure A’B’ is 
a diameter of the inverse circle, .". P’ is the centre of 
the inverse circle. 


Since P, Q are inverse points, the polar of @ passes through 
P; let it cut AB at R. 

Then P{AB, QR}=—1, and 2 QPR=90°. 

.. PQ bisects 2 APB. 


: 
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The following special cases admit of easy proofs. 


(i) If the circle of inversion cuts the given circle, at X, Y, 
say, the inverse circle passes through X, Y, .. the 
three circles are coaxal. 

(ii) If the given circle and its inverse are not one inside 
the other, draw QQ’ a common tangent to these two 
circles, and let it cut the circle of inversion at R, R’. 

Now QQ’ passes through O the centre of inversion, 
and OQ.O0Q’=OR®.’ .. {QQ’, RR'}=-— 1. 

.. the tangents to the three circles from the mid-point 
of QQ’ are all equal. 

But the centres of the circles are collinear. 

.. the three circles are coaxal. 


General proof. 

Let O be the centre of A, the circle of inversion ; let B, C 
be the given circle and its inverse. 

Let P be any point on B, and P’ its inverse with respect 
to A. , 

Any circle through P, P’ cuts A orthogonally ; describe 
a circle, D, through P, P’ to cut B orthogonally. 


Inverting we see that D inverts into itself, .. D, C cut 
orthogonally. “ 

.. A, B, C have their centres collinear, and have a common 
orthogonal circle. .'. A, B, C are coaxal. 


Three given circles have, in general, one common orthogonal 
circle. If the three circles are inverted with regard to 
any ‘point on this circle, the inverse circles are cut 
orthogonally by a straight line (the inverse of the 
orthogonal circles). .'. the centres of the inverse circles 
are collinear, 

Let A, B be the centres of the orthogonal circles, C one of 
their points of intersection ; draw CN 1 to AB, 

Since 2 ACB is art.2, .. AN.AB=AC? and BN. BA=BC* 

*, etc. 
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482. Let P, @ be inverse points with regard to a circle whose 
centre is C. 

Invert with respect to a circle whose centre is O, and let 
Pp’, Q’, ... be the inverses of P, Q, ..., and let D be the 
centre of the inverse of the ‘C’ circle. 

Now ©0OP@Q cuts the ‘C’ circle orthogonally. 

’, P’Q’ is a straight line which cuts the inverse of the ‘C’ 
circle orthogonally, and .’. passes through its centre. 

Again CPQ is a straight line, .". O, C’, P’, Q’ are concyclic, 
and C’, O are inverse points with regard to the ‘D’ 
circle (Ex. 458). 

*. DP’. DQ’= DC’. DO = (radius)’. 
*. P’, Q’ are inverse points with regard to the ‘D’ circle. 


483. 4s PBD,PCDarert.2s. .. P, B, C, D are concyclic. 

ee DBO AG 

Similarly 2 PCA =Z PEA. 

*, 2 PDBi=Z PEA. ©... PD, E.wRiare conevclic, 

The new theorem is: 

“Tf P, A’, B, C’ are concyclic points, and A’F’E’P, B’F’D’P, 
C'E’D’P are circles on PA’, PB’, PC’ respectively as 
diameters, then D’, E’, F’ lie on a straight line.” 


484. The angle at which the circles intersect is unaltered by 
inversion, .*. the angle between the radii to one of their 
common points is unaltered, 

.. the cosine of that angle is unaltered. 
nee pa is unaltered. 
2rr 


4 


. C—7?— 7? :rr' is unaltered. 


485. Inverting with regard to O, we get two straight lines 
intersecting at P’, and parallels to the lines through O 
cutting them at A’, B’. The circle OAB inverts into the 
straight line A’B’, and Q’, the inverse of Q, is the point 
of intersection of A’B’, OP’. Since OA’P’B’ is a parallelo- 
gram, OP’=20Q’. .. OQ=20P. 


486. 


487. 


488. 
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Again let the parallel to the tangent at O to OAB cut OA, 
OB at ©, D. 

Then it is easy to show that CD is parallel to A’B’; and OP 
bisects A’B’, .*. P is the mid-point of CD. 


Invert with regard to 0, and let A’, B’, ... be the inverses 
OL Aw Behe 

Then 0, A’, B’, C’ are coneyclic points; P’, Q@’, R’ are the 
images of O in B’C’, C/A’, A’B’. 

Now the mid-points of OP’, 0@’, OR’ determine the Simson 
line of O with respect to AA‘B’C’. .-. P’, Q’, R’ are 
collinear. .*. O, P, Q, R are concyclic, 

The circle through O, A orthogonal to circle OBC inverts 
into the altitude from A’ to B’C’, similarly the other two 
circles invert into the other two altitudes of AA’B’C’ ; 
these altitudes all pass through one point, H’ say. 

-, these three circles pass through one point. 

Since OH’ is bisected by the Simson line of O (Ex. 115), 
*, H’ lies on P’Q’R’, 

.. the common point of these three circles lies on the 
circle OPQR. 


S and P are inverse points with regard to © DEF. 

*, the locus of $ is the inverse of the locus of P. 

.. the locus of S is another circle; except when ©ABC 
passes through the centre of ©ABC, in which case the 
locus is a straight line. 


Let 0, X be the common points of the two circles, O being 
on PQ, Let R be the mid-point of Pa. 

Invert with regard to O, and let P’, Q’ ... be the inverses 
of P,Q, .... 

Since R is the mid-point of PQ, {P’Q’, OR’}=—1 (Ex. 445). 

And P’, Q@’ move on fixed straight lines through x’, 
. R’ moves on a fixed straight line through xX’. 

*. R lies on a circle through 0, X. 
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Again the centres of the three circles invert into the images 
of O in X’P’, X’Q’, XR’. 

.*. the lines joining O to the centres of the circles with the 
perpendicular to OX’ through O form a harmonic pencil 
(for X’ {P’Q’, OR’}=— 1). 

And the 1 to OX’ is parallel to the line of centres. 

*, the centre of the circle on which R lies is midway 
between the centres of the given circles. 


If the coaxal system is of the intersecting type, invert with 
regard to a common point ; the coaxal system gives us a 
system of concurrent lines, and the given circle becomes 
a circle (or straight line), 

Now one of the concurrent lines must pass through the 
centre of this circle (or cut the straight line at rt. angles). 

*, one of the concurrent lines cuts the inverse of the 
given circle orthogonally; but, if the vertex of the 
pencil is the centre of the circle, all the concurrent lines 
cut that circle orthogonally. 
. one circle of the coaxal system cuts the given circle 
orthogonally ; but in the case in which the common 
points of the given system are inverse points with regard 
to the given circle, all the circles of the system cut the 
given circle orthogonally. 

Again, if the coaxal system is of the non-intersecting type, 
invert with regard to a limiting point; the coaxal system 
gives us a system of concentric circles, and the given 
circle becomes a circle or straight line. 

Now one of the concentric circles cuts the inverse of the 
given circle orthogonally, unless this inverse of the given 
circle encloses the centre of the concentric circles or is a 
straight line not passing through the centre. 

.. the given circle is cut orthogonally by one circle of the 
coaxal system unless the given circle encloses or passes 
through one and one only of the limiting points. (If 
the given circle passes through both limiting points it is 
cut orthogonally by every circle of the system.) 


490. 


491. 


492. 


493. 
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Invert with regard to any point on the circle which is to be 
cut orthogonally ; we have to show that circles which cut 
a given line orthogonally (ie. have their centres on a 
given line) and cut a given circle at a given angle also 
cut another fixed circle at the same fixed angle. 

It is obvious that this is true, the second fixed circle being 
the image of the given circle in the given line. 

-, the original theorem is true. 


Consider the figure consisting of A, B, C, D and two circles 
which satisfy the given conditions. Invert with regard 
to A; we have two circles cutting at the given angle, one 
with its centre at B’ (Ex. 458), and the other having 
Cc’, D’ as inverse points (Ex. 482). 

Now we have to show that in the inverse figure it is 
possible in an infinite number of ways to draw two circles 
cutting at the given angle such that B’ is the centre of 
one of the circles and C’, D’ are inverse points with regard 
to the other. 

It is clear that an infinite number of circles may be drawn 
having C’, D’ as inverse points. Let S be any one of 
these circles. With centre B’ a circle can be drawn to 
cut S at the given angle. .°. ete. 


As OPQ, OQ’P’ are similar. 
. PQ: P’Q’=OP:0Q’=OP.0Q@:0Q.0Q’=OP.0a: k*. 


Let P’, @’,... be the inverses of P, Q, .... 
inl / / ‘cy! ‘ / 
By Ex. 492, me = evar 5 ae = Ep , ete. 
Hence the proposition becomes: If P’, Q’, R’, S’ are points 
on a straight line, O a point outside the line, and if circles 
P’A’Q’, R‘A’S’ both pass through O, then 
PA’ AG +l ioe RIA A's’ 
OP’. OA’ OA’. 0Q@’ OR’. OA’ OA’. 0S"’ 
PA’. AQ’ R’A’. A'S’ 
OP’.0@’ OR’. OS'" 


1.€. 
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Let BO cut AC’ in N. 

By similar As OAC’, OCA, 2 OAC’=L OCA=$6C. 
And 2 AON=4A+4B. 

+, ZANO is art, 2. 

Similarly C’O is 1 to AB’. 

*. O is the orthocentre of AAB’C’. 


If we invert with regard to O, the two given circles become 
two straight lines, the third circle becomes a circle, C, 
touching the two straight lines, and the point inverse to 
O with regard to the third circle becomes the centre 
of C (Ex. 458). 

*. the given theorem is the inverse of the theorem: “If 
two intersecting straight lines are touched by a variable 
circle, the locus of the centre of the cirele consists of two 
straight lines at right angles to one another.” 

*, the given theorem is true. 


Let O be the centre of similitude which is to be the centre 
of inversion, O’ the other centre of similitude. 

Let OPP’ touch the circles at P, P’; and let OPP’ cut the 
rad. axis at T. 

Draw O’N 1 to OPP’. 

T is the mid-point of PP’; and {PP’, ON}=—1 (0, O’ 
divide the line joining the centres harmonically). 

*, ON.OT=OP.OP’. (See Ex. 264.) 

*, N is the inverse of T. 

‘, the rad. axis inverts into the circle through ON whose 
centre is on OO’; this circle obviously passes through O’. 


(i) Let O be a centre of similitude of the two circles. 
Draw any line through O to cut one of the circles 
in P, Q; then this line cuts the other circle at P’, 
the point directly corresponding to P. 
. OP: OP’=const., but OP. OQ=const. 
.. OP’, OQ=const. | 
. P’ is the inverse of Q with regard to O, .*. ete. 
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(ii) Take any point X on this circle of inversion, draw 


498. (i) 


(il) 


G.-S, 


XY, XZ tangents to the given circles, and let the 
centres of the given circles be A, B. 

Now invert with respect to X; let R, 7 be the radii of 
the circles into which the given circles invert ; Y’, 2’ 
the inverses of Y, Z. 

Since XY, XZ are tangents to these latter circles, and 
their centres lie on XA,_XB, 

Bn RAY XY? KY DOYS ONE. 

Similarly r:BZ=XZ.XZ': XZ”. 

Now the two given circles are coaxal with the circle 
on which X lies. (Ex. 479.) 

“. XY?—0=20A.(the perpendicular from X on the 
rad. axis). (Hx. 393.) 

And XZ?—0=20B.(the perpendicular from X on the 
rad. axis). (Ex. 393.) 

. XY?:XZ?=OA:O0B=AY: BZ. 

And XY.XY'=XZ.XZ’. 

. R=? 


The sphere will invert into a plane. 

By Ex. 476 any circles on the sphere will invert into 
circles on the plane. 

Now the meridians all pass through two fixed points, 
.. the inverses of the meridians form a system of 
circles in the plane through two fixed points, i.e. a 
system of intersecting coaxal circles. 

The parallels cut the meridians orthogonally, 

*. the parallels invert into a system of circles cutting 
the former coaxal system orthogonally, i.e. a system 
of non-intersecting coaxal circles. 


Invert with regard to R. 
The sphere inverts into a plane. 
© PQR inverts into a straight line P’Q’. 


K. M. G, 6 
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© OPQ inverts into a circle O’P’Q’ cutting P’Q’ ortho- 
gonally, i.e. a circle on P’Q’ as diameter. 

©s PRO, RQO invert into straight lines P’O’, Q’O’. 

Then O’P’, 0’Q’ cut at rt. 2s. 

.. the ares of ©s PRO, RQO cut at rt. 2s at R. 


499. (i) See Ex. 476. 
(ii) Invert with regard to the given point. 

The orthogonal circles invert into a series of straight 
lines which cut a cirele C’ (the inverse of the given 
circle C) orthogonally at two points. 

“, the straight lines all pass through the centre of C’. 

.. the orthogonal circles all intersect in another com- 
mon point. 


(iii) Again, let P be the point that is to invert into the 
centre of C’ (the inverse of the given circle C). 
Describe a sphere whose surface contains C and P. 
Let T be the pole of the plane of C with regard to the 
sphere. 
Let TP cut the sphere again at O. 
Now any plane through TPO cuts the sphere in a 
circle D; let C and D intersect at Q. 
Then TQ touches the sphere at Q and .. touches ©D 
at Q@; and TQ obviously cuts ©C at rt.2s, 
*, ©D cuts ©C orthogonally at two points and passes 
through a fixed point O. 
Invert with regard to O ; by (ii) the inverse of P will 
be the centre of the inverse of C. 


500. A section through the axis of the anchor ring consists of 
two circles, images of one another in the axis. 

Inverting with regard to any point on the axis of the 
anchor ring, we get two circles which are also images of 
one another in the axis. 

Hence, by rotating about the axis, we see that the inverse 
of the anchor ring with regard to any point on its axis 
is another anchor ring. 


501. 


502. 
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Again, consider a section through the axis. 

The anchor ring may be regarded as the envelope of a 
sphere (of varying radius) whose centre lies in the axis 
and which always touches the two circles of the section. 

Invert with regard to one of the limiting points of the 
coaxal system defined by the two circles of the section. 

The inverse of the anchor ring is the envelope of a sphere 
whose centre lies in the section and which always touches 
two concentric circles in the plane of the section; this 
envelope is another anchor ring. 

Now if we rotate about the axis; the limiting point with 
regard to which we inverted describes a circle (whose 
plane is perpendicular to the axis and whose centre is on 
the axis). 

.. the required locus consists of a straight line and a circle. 


Let 0,, O, be the centres of C,, Cy. 

Let R be a point of the given figure; R,, R, the inverses of 
R with regard to C,, C,. Let O,R,, O,R, intersect at Q. 

To prove that Q is the inverse of R, with regard to C,. 

Find N the inverse of O, with regard to ©. 

Now C,, C, cut orthogonally. 

.*. N is the inverse of O, with regard to C,. 

Since 0,R,. O,R =O,N.0,0,. 

*. Ry, R, O., N are concyclic. 

Invert this circle with regard to C,. 

*.: O, is on the circle, the inverse is a straight line. 

And :.* O,N. 0,0, = (radius of C,)?=O,R,. OLR. 

.". the st. line O,R, is the inverse of the circle R,RO.N. 

.. @ is the inverse of R, with regard to C,. 

Similarly Q is the inverse of R, with regard to Q,. 

Similarly for all positions of R. 

.*. the inverse of S, with regard to C, is the inverse of S$, 
with regard to C,. 


See Ex. 482. 
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503. (i) Invert with regard to P; let A’, B’, C’, D’ be the 
inverses of A, B, C, D. 

Then A’C’D’, B’C’D’ are equal circles; and the straight 
line C’D’, by symmetry, bisects the angles of inter- 
section of these circles. 

*, © PCD bisects the angles of intersection of ©s ACD, 
BCD. 


(ii) First we will prove that, if P is a point such that 

circles ACD, BCD, ABD invert into equal circles, 
then D’ is the orthocentre of A A‘B’C’. 

*. ©s ABD’, A'C’D’ are equal, 

*, LA'B'D/=L ACD’. 

Similarly 2 B’A’D’=z B/C’D’ and 4 C’A’D'=2 C’B'D.. 

But the sum of all these .s=2 rt. Zs. 

‘ LBAD + ZABD +ZCO0B Dj] lriee. 

SAD Gis st togs Ge 

Similarly B’D’ is 1 to C’A’. 

.. A, BY, C’, D’ form a A and its orthocentre. 

We have now to show that there are four possible positions 
of P. 

By (i) P must lie on one of the two circles which bisect the 
angles of intersection of ©s ACD, BCD; and also on 
the two corresponding circles for ©s ABD, ACD. 

Invert the figure with regard to D and let A”, B”, ... be the 
inverses of A, B, ..... ©sS ACD, BCD, ABD, invert into 
straight lines A”C”, B’C”’, A”B”. P” must lie on one 
of the bisectors of the angles between A’C”, B’C”, and 
also on one of the bisectors of the angles between 
AB ace 

*, P’ must be either the incentre or one of the excentres 
of AA’B’C”, 

.". P” has four possible positions P”, Q”, R”, S”. 

.. P has four possible positions P, Q, R, S. 

Again we know that P”, Q”, R”, S” form a A and its 
orthocentre. 
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I.e. the inverses of P, Q, R, S with regard to D forma A 
and its orthocentre. 


504. If we invert with regard to the fixed point, the radius of 
inversion being equal to the length of the given tangent, 
the moving circle inverts into itself and the fixed circle 
inverts into another fixed circle touching the moving 
circle. 

.*. the moving circle always touches a second fixed circle. 


CHAPTER XII 


505. Lines parallel to plane of projection are unaltered. Equal 
lines remain equal if they are equally inclined to line of 
steepest slope. 

506. (a) A trapezium with sides || to line of steepest slope is 
reduced in ratio cos@:1; for the parallel sides are 
reduced in this ratio, and the distance between 
them is unchanged. 

(6) By drawing ts from the vertices of the A to the 
intersection of the planes, three trapezia are formed, 
say X, Y, Z; and A=X+Y—Z. Each trapezium 
is reduced in ratio cos@: 1; .. so is the triangle. 


(c) Any rectilinear figure may be divided into triangles. 
507. One arm must be a line of greatest slope. 


508. Diminished if acute; increased if obtuse; for draw a line 
of greatest slope, and consider the tangent of the angle. 


509. Increased if acute; diminished if obtuse; see Ex. 508. 
510. (i) increased (unless reflex), (ii) diminished. 


511. The bisector must be || or 1 to lines of greatest slope. 
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512. (i) By Exx. 508, 509, one half of the rt. 2 would be 
diminished, and one increased. 
(ii) The square would project into a parallelogram, whose 
diagonal does not generally bisect the angle. 


513. (i) Relation unchanged only in case of rt. angled A with 
sides || and 1 to lines of greatest slope. 
(ii) As (i). 
(iii) Relation always unchanged by § 9. 
(iv) Relation unchanged only if base is | or 1 to lines of 
greatest slope. 
(v) As (i). 
(vi) Always unchanged. 
(vii) Unchanged if sides |) and 1 to lines of greatest slope. 
(viii) Unchanged if a diagonal line of greatest slope. 
(ix) Always unchanged. 
(x) Always changed. 
(xi) Always unchanged. 
(xii) Always changed. 
514. A parallelogram pattern. 
515. See Ex. 513 (iii). 


516. (5) Diameters of the © at rt. 2s project into conjugate 
diameters of the ellipse. Lines joining ends of dia- 
meter of circle to point on © are || to diameters at 
rt. 25. 

(7) Let a pair of diameters of a@at rt. 2s cut the tangent 
at p in t,t’; and let cd be a radius || to tangent at p. 
Then it is easily proved that pt.pt’=cd?. And 
pt: PT = pt’: PT’=cd: CD, .". PT. PT’=CD®. 
(10) Using the same letters for the circle, 
Op. Op’ = Og. Og’ and CP? =CQ’, 
", Op. Op’ : CP? = Og. Og’ : CQ’. 
Now projection alters the lines Op, Op’, CP in the 
same ratio, ... Op. Op’ : CP? is unaltered, So also is 
Oq . Og’ : CQ’, .°. ete. 


517. 


518. 


519. 


520. 
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(11) As (10). 

(12) Particular case of (10). 

(13) Area of circle =7a’, .’. area of ellipse = za? cos6 ; but 
acos@=6, ... ete. 

(14) Area of square circumscribing © = 4a”; this projects 
into parallelogram formed by tangents at extremi- 
ties of conjugate diameters of ellipse ; whose area 
is therefore 


4q@? x a =4ab. 
a 


(15) Let cp, cd be conjugate semidiameters of the ©; 
pm, dn ordinates. Then pm=cn, dn=cm. On 
projecting, 

PM =pm cos 8= cn cos @, DN =cm cos 6; 
*. CP? + CD? = CM? + PM? + CN? + DN? 
/ =cm’* + cn* cos? 6 + cn® + em? cos? 

(cm? + en?) (1 + cos? 6) 

=a? (1 + cos?) = a? + B, 


II 


If the word “ellipse” is substituted for ‘circle’ in Theo- 
rems 31, 32, 33, the resulting theorems are true. 


Projecting ellipse into ©, we should make As cpn, cag 
congruent, and  cqa=Lenp=rt.L; ..aq is || to tangent 
abp im circle; ... etc. 


CHAPTER XIII. 


{AB, CD} =—1; {CD, AB}=—1; {AC, BD}=2, etc. All the 
different ratios reduce to three, —1, 2, 4. 


ke 
Let OA=a, OB=6, etc. Then OA’= = ete. 


AC AD (c—a)(b—d) 
CB° DB (b—c)(d—a)’ 


{AB, CD} = 
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ke BPN fk? Ie 
G a ) G d ) 
ie . keke 
G Cc C = 

(a—0)(d-b) 
= (eb) (a=d) 
If A coincides with 0, the harmonic range {OB, CD} 
would invert into equicross range {2 B’, C’D’}; 
- 2S, 201s Bu oat. ee = are 
CB DB io9) 


i 
*, B’ is mid-point of ©’D’. 


{A'B’, O'D't = 


{AB, CD}. 


521. = SS ete. 


AC’ AD’ AC “AE ™) > AD AE- 


522. ae gO PPE Sich 
GB 'DB* “CB: EB DB EB 


.. D, E coincide. 


523. A’B’C’D’ is divided in the same ratios as ABCD. 


AC AD AB—CB AB—DB 
524. If {AB, cD}/=1, —=—; «. = 3 
CB DB CB DB 
AB AB F awe 
Ge DES *, either AB=0 and A, B coincide; or 


CB=DB and C, D coincide. 


5 AC AD 
If {AB, CD}=0, either — =0, or =o. 
CB DB 
In former case C coincides with A; in latter, D with B. 
: AC AD 
If {AB, CD}=o, either — =o, or —=0. 
CB DB 
Therefore either C coincides with B, or A with D. 


525. 


AG’ DB _ADY CB AC DB af 
CB” AD \DBiAC2s1° GB AD ie ae 
{AB, CD} is harmonic, if all the points are distinct. 


526. 


529. 


530. 


532. 


533. 
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; ACh Act 

{AB, CO} =—1; .°. einer 
AD AD’ 

Also — =-——. 

DB DB 


AC DB AC’ DB 
CB° AD C’B’ AD’ 
If ABCD, A’B’/C’D’ are ||, then AB: BC=A’B’: B’C’, etc. 
If ABCD, A’B’C’D’ are not |, through B’ draw XB’Y 
| to ABC, meeting OA, OC in X, Y. Then 
BX : BY=BA: BC=B/A’: BC’; and As XB/A’, YB'C’ 
are similar. 
Hence AA’, CC’ are |. Similarly all the four lines AA’, 
BB’, CC’, DD’ are ||. 
O {AC, BD} = {PR, Qa } 
PQ Po PQ@ PQ 
~ QR’ oR AR RQ’ 
Or prove as in Th. 27, 


(i) Two pencils of || rays subtended by the same range 
are equicross. 


(ii) If XYZW is the line at o , we have two pencils at P, Q, 
with corresponding rays parallel. 


(i) If Q is the image of P, clearly the two pencils are equi- 
angular, (ii) if P, Q are on opposite sides of the line, let 
Q’ be the image of Q. Then P, Q’ are on the same side ; 
and if P {XYZW} = Q{XYZW}, also P{XYZW}= Q’{xYZW}. 
We may, therefore, without loss of generality, suppose 
that P, Q are on same side. 

If the two pencils are equiangular and P, Q are on the same 
side of line, then PQ@XYZW are concyclic. We should 
thus have a line cutting a © in four points, which is not 
possible unless the © consists of the line PQ together 
with a line at 0, XYZW. 
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535. 


536. 
539. 


540. 


41. 


542. 


548. 


544. 


KEY TO THE EXERCISES . 
(i) {ABFW}, (ii) {EXFZ}. 
If AA’, BB’, CC’ are concurrent, either they are ||, in which 
case DD’ is || to them; or ABCD, A’B’C’D’ are |. 
Any position except the two described in Ex. 535, 


xX’ {PXYZ} =X {Px’Y’Z’}; and the two pencils have a ray 
XxX’ common; .’. the intersections of other pairs are 
collinear, namely, P, the intersection of X’Y, XY’, and 
that of X°Z, XZ/; svete, 


Let QB, PC meet at X; QC, PB at X’; QB, PD at Y; QD, 
PBat Y’. Let PQ@meet DCBinO. Then 


{PY’X’B} = Q {PY’X’B} = {ODCB} 


and {QYXB} = P {QYXB} = {ODCB}; 
“. {PY’x’B} and {QYXB} are equicross and have B in 
common ; .. XX’, YY’, PQ are concurrent; .’. etc. 


Let P, Q@,R be the points; O the required point on the 
line AB. Let a parallel to AB cut OP, OQ, OR in X,Y, Z; 
XY : YZ is to be a given ratio. Let PR cut AB in V. 
Take U on PR so that {PR, UV}={XZ, Yo }=XY: ZY. 

Since PV: VR is known, this gives PU: UR in magnitude 
and sense ; this gives U uniquely. QU cuts AB in the 
required point. 


The angles or their supplements are given, .’. the sines of 
the angles are given. 


Let O be the centre of the ©; let the tangents at fixed 
points P, Q@, R, S cut the tangent at movable point X in 
A, B, C, D; ~AOB=42P0Q, etc.; .. O {ABCD} isa 
pencil of fixed angles. 

Let the points A, B, C, D lie in a line whose pole is P. 
Then the polars of A, B, C, D pass through P. Also the 


polar of A is 1 to OA, etc., .°. the pencil of polars is equi- 
angular to the pencil O {ABCD}. 
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546. 
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Let A,B,Q;, A,B,Q,, A,B,Q, be three positions of ABQ. Then 
O{XA,A,A,} = P {XA,A,A,} = P {XB,B,B,} = O'{XB,B,B,!. And 
ray XOO’ is common to pencils O {XA,A,A,}, O' {XB,B,B;}. 

.. Q,Q,Q,; are collinear (Th, 56); .. ete. 


Let POO’ cut XA, XB in JU, V. 
O {UA,A,As} = P {UA,A,A;} = P {VB,B,B,} = O’ {VB,B.B,}. 
And the ray POO'’.“is common to the two pencils, 
“. Q,@,Q, are collinear. If PAB takes the position PX, 
then @ coincides with X, .. locus of @ is a str. line 
through X. 


Let U,0, cut U,U, in P; 0,A, cut 0,0, in Q. 
U,{A,0,A,A,} = {U,PU,A,} 
= 0, {U,PU,A,} = {0,U,0,Q} 
= A, {0,U,0,Q} = A, {A,U,A,0,} 
= A, {A,0,A,U,}. 
And A,U, is common to the two pencils 
U, {A;0,A.A;}, A, {A;0,A,U,}. 


.”. A,O,A, are collinear. 


F {HK,K,K,} = F {BLLoL,} = G {BL,L,L,} 
= G {CM,M,M,} = H {CM,M,M,} = H {FKiK,Ks}. 
*. Ky, Ko, Kz are collinear. And if LGM coincides with 
GA, K coincides with A, .’. ete. 
Or thus: Let AC, LF intersect at X, and AK, BC at T. 
Then L {BFGC}=L {AXMC} =K {TFHC}; 
.. T is fixed; .. K moves on a fixed str. line TA. 


Let A, B move on fixed lines OU, OV, and let PQR meet 
these lines in U, V respectively. 


@ {UA,A,A;} = R {UA,A,A,! = R {VB,B,B,} = P {VB,B,B,}. 
And the equicross pencils Q{UA,A,A,}, P {VB,B,B,} have 
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550. 


951. 


552. 
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ray PQR in common, .’.C,C,C, are collinear. And if ARB 
passes through O, C coincides with O; .’. etc. 


Or thus; Let A, B move on lines Oa, Ob which cut PQR 
at a, 6, and let OC cut PQR at c, and let OA cut BC 
at X. 

Then O {abcP} = 0 {XBCP} 
=A {XBCP} 
=A {aRQ@P} ; 

ronissfixed;.2.20¢ is fixedsniaete 


Let the two fixed lines meet at O. 
Then @ {OL,'L,'L,'} = @ {OM,M,M,} = P {OM,M,M,} 
=P {OL,L.L,} = @ {OL L,L,} = @ {OM,’M,’M,'} ; 


L,'M,’, L.’M,’, L,’M,’ are concurrent; .-. etc. 


Let 1,D meet I,l, in P, LA meet BC in L. Then 
{I.ls, PA}={CB, DL}, 
LP. Ale CO1 Ee 
Bi, GA hOB Ce: 


IEP’. 1.@). 1.R 1,P 
Call 2 lle -netc: 
Pl,. Ql,. Rl, Pl, 
I,P Al. cD LB 
Then I 2- x 7 “=T1 Sa : 
Pi, ¢ bA gs DEe euce 
Al 
Now 1,A, 1,B, |,C pass through |, .°. II aa = +1. (Ceva.) 
2' 
cD 
And AD, BE, CF pass through H, .°. I oes +1 
LB 
And AL, BM, CN pass through |, .*. II Aaa il, 
ee 
5 hare ast 
Pl, 


*, 1D, I,E, I;F are concurrent. 


Let 1,A meet CB in L, I,a meet I,I, in P. 
IP Al, Ca LB LB 

Then a te ,, 
PSA SoB MCRL Hol 
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Now, as in Ex. 551, nee +1 and 1 =+1. 


el 2 =, and ha, 1,8, lyy are concurrent. 
3 


K’ C’K . Ale: 
553. 1 wai —— Te Oa KLM meets sides of A A’B’C’ in K,L,M), 
‘ i ji M’ are. collinear. 


054. From the given relation we get A’, B’, C’ collinear. Let 
AX, BY, CZ meet BC, CA, AB in P, Q, R respectively. 


BP A’'C CX AB’ A'B’ 


hen _—= = 
T PC BA XBAIG As ~ on? 
BP A‘C 
- Tx 5=1; 
PC BA 


BP 
ae Se 1 and AP, BQ, CR are concurrent. 


555. Let the mid-point of XY be O; and let the distances of 
P, @, R, P’, @’, R’ from O, reckoned algebraically, be 


Pr PS Ys 7 
Then pp = 79 =—77r = OX", say, 
(PPR Spek (q-p) (p'-7) 


QP" PR (p'—q)(r—p) 
(e-B(E-#) 
kg pt pi 


DOTUT NT ap] 
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CHAPTER XIV. 


{TUS XY} SHU XY PREZ 
=T {PR, ZY} ={SQ, ZX}, .”. ete, 


Consider the quadrilateral PBQA. The third diagonal, DC, 
cuts AB at «©; .. PQ bisects AB. 


Take RS || to AC; then PQ will bisect AC. 


For the two internal diagonals, the harmonic property 
simply gives the bisection property. For the third 
diagonal, the line at infinity, the property may be stated 
thus: If parallels be drawn to the sides through the 
centre of a parallelogram, they form a harmonic pencil 
with the diagonals. 


Since the polar of A passes through Q, .. the polar of @ 
passes through A; similarly the polar of Q passes throughC, 
.. the polar of Q is AG, .". ete. 


*: the polar of A passes through B, .’. the polar of B passes 
through A. Again, the polars of A and B both pass 
through C, .’. the polar of C is AB. 

The line joining a pole to the centre is 1 to its polar. 


In a real circle, the centre cannot lie between pole and 
polar, .-. the orthocentre cannot lie between a vertex and 
the opposite side. 


A point circle, at the right angle. 
HBC is equilateral. 

HB'= BC =Vq, HE. 207 anny on 
Again, since AP is the polar of B, BP is tangent at P, and 


ito HP; and since PA bisects HB at rt.2s, 2 HBP=45°, 
But 2 HBA=30°, ... ABP =15". 
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If the polar circle cuts AC in P and Q, we have the side CA 
cut by the circle in P, Q, and by the polar of C in A, .°. etc. 


Let O be the point-circle. The polar of any point A will 
be a line OB, 1 to AO. If B be any point on OB, the 
polar of Bis AO. Hence the rt. angled self-polar A AOB. 


The polar of the centre is-the line at «. The A will 
therefore consist of two lines through the centre at rt. Zs, 
together with the line at «. 


Each triangle is formed by a pair of parallels equidistant 
from the line on opposite sides, together with any third 
line. 


Since CAP@ is harmonic (Ex. 569), ... EA. EC = EP’= EQ’. 
Again, As EHA, ECB are similar, 
EA EH 
EB ° EC’ 
and P (and Q) are on © with HB as diameter. So also 
are F, D. 


. EA.EC=EH. EB; .*. EP?=EH.EB; 


The © on diameter BC passes through F,‘and HF. HC is the 
square of the tangent to it from H, the centre of the 
polar ©. But, AFCD being concyclic, 


HF.HC=HA.HD= (rad. of polar ©)’. 


To prove that UZ is the polar of T, let UZ cut QR, PS in 
K, L. Then since U {TZ, QR} is harmonic, and is cut by 
QR in harmonic range {TK, QR}, .*. polar of T passes 
through K. Similarly polar of .T passes through L, 
.. polar of T is KL, or UZ. 


To prove that X is the pole of YZ. {XZ, QS} is harmonic, 
.. P{XZ, QS} is harmonic, .-. PX passes through the pole 
of PZ. Similarly RX passes through the pole of RZ, .-. X 
is the pole of YZ. 
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Let CA, C’A’ cut OBB’ in T, T’.. Then 
{CAQT} = {C'A‘QT’}, .*. B {CAQB’} = B’{C’A’QB}. 
And these equicross pencils have BB’ in common, .*. P,R,@ 
are collinear. 


Let us add a fourth point D to the three A,B,C, and a fourth 
D’ to the three A’, B’, C’; so that ODD’ is a straight line. 
And let us ascertain whether ABCD, A’B’C’D’ necessarily 
have an axis of perspective. 

If we begin by fixing the line ODD’, then D, D’ are fixed 
when BD, B’D’ are fixed. But BD, B’D’ may be drawn in 
any directions from B, B’; and if these meet at U, this 
point may be anywhere. It is not, then, of necessity, on 
the line PQR. 

BC, B’C’ lie in the same plane OBC, and therefore intersect, 
say at P. So also CA, C’A’ intersect, say at Q; and AB, 
A’B’ intersect, say at R. Now P, Q, R are in the plane 
ABC, and also in the plane A’B’C’. Hence they are on 
the line of intersection of these planes. 

As OAA’ rotates, the collinearity of P, Q, R is not dis- 
turbed. 

Since P, Q@, R are collinear, 

A {PQRS} =A’ {PQRS'!, .-. {PCSB} = {PC’S’B}. 

And as these ranges have a common point P, .*. BB’, AA’, CC’ 
are concurrent. 

The centre of perspective is the centre of similitude. The 
axis of perspective is the line at infinity. 

Yes; for the polygons have a centre of similitude. 

Both centre and axis of perspective are at infinity. 


BP CQ AR 
By Menelaus, =. —— 
Mma NS PSE TT 
BP’ CQ AR 
B va —.— .— =- 
alerey CP’’ AQ’ BR 
BP BP’ 


*, {BC, PP’} is harmonic. 
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Let AD be the median, AL be || to Bo, 

Then A{BC, DL} is harmonic. 

Also X {CB, PP’} is harmonic. 

And XC, XB, XP’ are 1 to AB, AC, AL respectively, .". XP 
is 1 to AD. 

Consider the quadrilateral BDRC. The diagonal DC is 
divided harmonically by the other two diagonals, in A 
and P. But A, D,C are fixed, .’. P is fixed. 

Let ABCD be the quadrilateral and let O be the intersection 
of AC, BD, the points P, P’, @, Q’ being on BC, AD, AB, CD. 
Let AD, BC meet in E; AD, CQin U.  {PP’, OQ} =(pro- 
jecting from C on to AD) {EP’, AU}=(projecting from Q 
on to BC) {EP, BC!=(projecting from D on to PP’){P’P, OQ}. 

_ PO @P’ PO QP 

- Op’ Pa OP PQ” 

“. (QP + PP’) P’Q’= (Q’P’+ P'P) PQ, .. PQ=Q'P’. 

BP, CQ meet at D, the extremity of the diameter through A. 
If AD meets BC in O, then O is the pole of PQ. Since 
the pole of PQ lies on BC, .". R, the pole of BC, lies on PQ. 

The quadrilateral can be circumscribed round a ©, and 
the A formed by the diagonals is self-polar. Its ortho- 
centre is therefore the in-centre of the quadrilateral. 
(Ex. 564.) 

Let the fixed tangents be OAB, OCD; the other tangents 
QAD, QBC; let the diagonals AC, BD weet in P. Then 


-. QP’. P’Q’=Q’P. PQ. 


A formed by OQ, PA, PD is self-polar. .. P lies on the 
polar of O, a fixed line. 
(i) AGEF is self-polar, and G is the pole of EF. .. OG is 
1 to EF. 


(ii) Let EF cut OG, BD at N, R. 
Then {BD, GR}=—1. (Theorem 57.) 
And ~GNRisart.z. 
.. NG bisects 2 DNB. 
Similarly NG bisects 2 ANC. .”. ete. 
G.-8. K. M. G. 7 
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Let PQR be one of the As formed by 3 sides of the 
quadrilateral, and let PX be one of the diagonals, X being 
a corner of the quadrilateral lying on QR. 

The theorem may be stated as follows: If X is a point on 
the side QR of A PQR, then the © on PX as diameter 
is orthogonal to the polar © of AP@R. Let O be the 
centre, r the radius of the polar ©. As QR is the 
polar of P, OP cuts QR at rt.28; at N say. .. © on 
XP passes through N; and (tangent from O to this 
©)=ON.OP=7". .. the two ©s are orthogonal. 


Let the area of a A be considered + or — according as the 
perimeter is traversed in a clockwise or counter-clockwise 
direction; i.e. AABC =— AACB; with this convention, 
it is easy to prove the following lemma: 

If Z is the mid-point of XY and P, Q any two points; then 

. PQX +A PQY = 2 APQZ. 

In the case of the quadrilateral, 4 A PEQ=2 APEB +2 APED 
= AAEB+ACED=ADCB. .. APQE= ABCD ; similarly 
A PQF = — ABCD. “. APQE+APQF=0._ .. PQ pro- 
duced bisects EF. 


As As ABC, A’B'C’ are in perspective, the line joining 
the meet of AB, A’B’ to the meet of AC, A’C’ passes 
through the meet of BC, B’C’; i.e. is || to BC; similarly, 
etc. 

Lemma. If BC be divided harmonically by D, X, and P 
be the mid-point of DX, then PB:PC=BD?:DC* Let 
BD=2, DC=y, DP=a. Then (a+ a)(a-y)=@. 

*. a=2xy/(a—y). Now PB/PC= (a+ x)/(a—y) =27/y’. 

In the present case, FE is the polar of A and BC of. D. 
*. X is the pole of AD, .. BDCX is harmonie (Th. 33). 

“. PB: PC= BD": DC? =(s—b)?: (s —¢)*. 

.. by Menelaus, P, Q, R are collinear. 


Using fig. 85, let PQ, RS meet TZ in A, A’; QR, SP meet 
JZ in B, B’; PR, QS meet TU in C,C’. Consider ATZU 
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and note that UA, TB, ZC’ are concurrent. As (TU, C’C) 


is harmonic, .’. A, B, C are collinear (Ex. 191). 
So for three other trios ; each trio consisting of an A, a B, 
and a C. 


MISCELLANEOUS EXERCISES. 


997. As DBF, DEC are similar. .. ADBF: ADEC = BF?: EC’. 
But ADBF=ADEC, .. BF=EC. Hence As BCE, CBF 
can be proved congruent, .. 2B=ZC, .. A ABC is 
isosceles. 


598. Let P, @ be the given points through which AB, AC pass. 

[ 2 B is given, .’. the length AC can be determined ; through 
Q draw AC of the right length. } 

Take any points X, Y, Z on the circle such that 

LXYZ=given 2 ABC. 

Draw a concentric circle to touch XZ; from @ draw a 
tangent to this circle to cut the given circle at A, C; 
join AP and let it cut the given circle at B. ABC is the 
required triangle. 

For AC=XZ, and ABC =2 XYZ =givenz. 

[In general there are four solutions, for two tangents can 
be drawn from Q to the inner circle and either end 
of each tangent may be taken as A.] 


599. 2ZAEB= between ABC and the tangent at A to © ABE. 
LAFC=z between ABC and the tangent at A to © ACF. 
.. the angle at which the circles intersect = 4 AEB ~ 4 AFC 
= 4 between BE and CF =const. 


600. Using notation of fig. 17, 
CY,=8s—a@=BZ;, AZ,;=s—b=CX,, BX,=s—c=AYy, 
*, BX? + CY? + AZ,” = CX,?+ AY,2+ BZ,” .”. the perpen- 
diculars to the sides at X,, Y,, Z; are concurrent by the 


converse proved in Ex. 129. 
7—2 
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601. Consider two ©s intersecting at O, O’. POQ is drawn to 
cut the ©s at P, Q, and the tangents at P, Q meet at C. 
Then 2 CPQ=Z PO’O, .CQP=z Q0’0. 
“. LPO‘Q= 2 CPQ+4CQP=180°—z PCa. 
*, P, C, Q, O’ are concyclic. 
Taking three ©s, let the tangents at P, Q@, R form A ABC. 
-.° P, C, Q, O' are concyclic, ... 2 PO'C=Z P@C. 
And «.:P, B, R, O’ are concyclic, ... 2 PO'B=Z PRB. 
.. £ BO'C=Z PRB — Z PQC= 2 BAC. 
.. A, B, C, O’ are concyclic. 


602. (i) Draw the circumcircle of ABC; produce AB to D and 
make BD =AB; through D draw a straight line || to 
BC cutting the circle in Q, R; join AQ cutting 
BC at P. 
AP=PQ and BP.CP=AP.PQ= AP”, 
Another position of P is the point of intersection of 
AR, BC; so that, in general, there are two solutions. 
(ii) Draw AX to touch ©ABC at A and to cut BC in P; 
then AP?= BP. CP. 


603. Let a, B, y be the mid-points of BC, CA, AB; let Pa, QB 
intersect at X, and QB, Ry at Y. Let AP: PD=7: 1. 


‘AP :PD=BQ:QD, .. PQ is || to AB, and 
PQ:AB=1:n+1. 
Now af is || toABand=4AB. .. PQ:a8=}$:n+1. 


And af is || to PQ. .. PX: Xa=QX:XB=PQ:aB=h:n+1. 
Similarly By is || to QR and QY: YB=RY:Yy=4$:n+1. 

7. QX:XB=eAY:Y~. .. X and Y coincide. 

*, Pa, QB, Ry are concurrent. 


Otherwise thus: APQR is similar and situated similarly 
to AABC, and therefore to Aafy, formed by joining the 
mid-points of BC, CA, AB. .. corresponding sides of 
APQR and Aafy are parallel, and the two As have 
the line at infinity as an axis of perspective. 

‘. aP, BQ, yR are concurrent. 
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604. The mid-points of the sides of each triangle lie on its 


605. 


606. 


607. 


nine-points circle. 

The nine-points centre of each triangle is the mid-point of 
the line joining their cireumcentre and orthocentre, and 
is therefore a fixed point. Also the radius of the nine- 
points circle is half the radius of the circumeircle, and is 
therefore constant. 

.. the nine-points circles of all the triangles coincide. 

the Jocus of the mid-points of the sides of all the 
triangles is a circle. 


Q is the orthocentre of A PBC, ... ~BMC isart.z, 

.*. the locus of M is the circle on BC as diameter. 

Again ND is a diameter of the 9-points circle of A PBC, and 
M is on that circle, ...2 NMD is art. 2, .*. NM touches 
the locus of M. 


Let XY cut BC at Z. 
Now AC is || to DF, .*. ZG: ZD= ZA: ZY, 
and AB is || to DE, ... ZB: ZD= ZA: ZX, 
Sor LCi ZB LK ZN, 
2, BY is || to CX. 
[If XY is || to BC, BD=AX and DC=AY, .-. XY=BC and 
XY is || to BC, .*. BY is || to CX.] 


BD, CE, AF; s—-c s—-a s—b 

CD, AR BFy $= 0) ec 8 — a 
-, AD,, BE,, CF, are concurrent (converse of Ceva’s Th.). 
*. A, P, D, are collinear. 

BD, CE, AF, s—c s—b 58 

GDP TAR; SBE este. VS se 
*. AD,, BE,, CF, are concurrent. 

*, A, D,, Q are collinear. 

.. A, P; D,, Q@ are collinear, 

X, E,, F; are collinear. 

Si BX CE tAG 
- GX AE,’ BF, 


=-l. 


Again 


1. (Menelaus’ Theorem.) 
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SUBXSVAE, SBE, Ss Co pe ae 

"OX. GE” AFi> 620 625 wom: 

dime Ap AZ s—b 

s—c BZ sa" 

BX OY AZ| 

CX AY BZ 

. X, Y, Z are collinear (converse of Menelaus’ Theorem). 


Similarly 7 = 


608. AB, CF, DE are parallel and therefore pass through one 
point at infinity. 
‘. the intersections of corresponding sides of As BCD, AFE 
are collinear, by Desargues’ Theorem (Theorem 61). 
L.e. P, Q, R are collinear. 


Or thus: Let PQ cut AE, BD at R,, Ry. 


FA QE PR 
From AFPQ,—.—.—~=1. (Menelaus.) 
PA’ FE’ QR, 
CB @D PR, 
From ACPQ, PB’ CD’ QR, 1. (Menelaus.) 
FA CB QE QD 
But, by parallels, = and = 5 
PAS PB EEa cD 
PR, PR, 
QR, QR,’ 


*, R, and R, coincide, 
. ete. 


609. Suppose O to be on the arc AB and L on the are AC. 
Let OX, OY, OZ be the perpendiculars on BC, CA, AB, 
and let XY cut OL at P. 
Then 2 YPL=z PXC=Z BOZ. 
And £ ALP =z OBZ, 
But £4 BOZ +4 0BZ =90°. 
LA is 1 to XY. 


610. Let P, E, F be the mid-points of AA’, AC, AB. 
Then PE. PF = $A’C. 3A’B = 1A/A?= PA® 
But E, F are on the nine-points circle of AABC. 
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*. P is on the rad. axis of the circumcircle and nine-points 
circle. 
Similarly for the mid-points of BB’ and CC’. 


611. A, B, C are the excentres of ADEF; hence this Ex, 
becomes the same as Ex. 130. 


612. Let AD cut the 1 to AB through B in X. 
Then 4 BXD=90°—- 4A=  BDX; and BG is 1 to DX, 
x XG=GD. 
Now AF = FX, 
*. AD=AF + FD =FX + FD = 2FG. 


Let AB be the given hypotenuse, $ its mid-point, and YZ 
the length for the bisector. 
Through B, S describe any circle; in this circle place a 
chord PQ of length = 4YZ which passes through A. 
Turn this chord APQ about A to the position AFG where F 
is on the 1 bisector of AB. 
Then AF. AG=AP. AQ=AS.AB. ‘ 
*. B, S, F, G are concyclic; but 2 BSF isart.Z. 
4. 2 BGF is art. 2. 
‘. G lies on the circle on AB as diameter. 
Draw AC so that 2 GAC=Z BAG. 
Sy OG... ebC. 


618. 2LAOB:2BOC:2COA=3:4:5. 
*, the angles are 90°, 120°, 150°. 
ZLAOB=90°=ZLADB. .. A, O, D, B are concyclic. 
“. L OAD =z OBC, and Z AOD =180°— z ABC = 120°= 2 COB. 
*, As OCB, ODA are similar. 
Again, in As OCD, OBA, 
£4 COD=Z BOC=z DOB= 120° — 4 DAB=90° =z BOA, 
and 2 ODC =Z OAB (°.: A, O, D, B are concyclic). 
‘, As OCD, OBA are similar, and AOAC is common to 
As ABC, ADC. 


614. (i) ZR %s outside both circles or inside both. 
2 DPR=Z DBC and 4 DQR=Z ABD, 
“. £DPR+LDQR=180°. .. D, P, R, @ are concyclic. 
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(ii) Z/R ts inside one circle, sway ABD, and outside the other. 
< DPR = 180° —z DPC=180° —¢ DBC =z ABD 


= 180° —2 RQD. 
*, D, P, R, Q are concyclie. 


615. Let C, C’ be the centres of the given circles, P any point 
on the circle on SS’ as diameter, and PT, PT’ tangents 
drawn to the given circles. 

Then ©PSs’ is an Apollonius circle with respect to C, C’, 
", PC: PO’ =CS:CS=CT.CT. 
*, As PCT, PC’T’ are similar. 
*. the circles subtend equal angles at P. 


616. Let C, D be the centres of S, S’. 

Let the common tangent touch §S, S’ at P, Q and cut CD 
at T; draw PN 1 to OT. 

CP is || to DQ and CD=CP. 

~ £QDP=Z DPC=—ARDG; 

Hence ADPQ= ADPN. 

.. Nis on the circle S$’. 

“1 CbGs 


617. See Ex. 601. 


618. Draw EP a tangent to the circle ABCD. 
Simce A, B, C, D are concyclic and FG is || to CD, 
*, A, B, F, G are concyclic. 
-, EP?= EB. EA— ER EG. 
© PFG touches © ABCD at P. 


Qe Lys = 


2 te Oe 
Tv A, 7 i T A, et T Ay 
ve Oconee ine ba a) ee 5 es 
aad TT Nia earl, 
Similarly A= 5 — oa toas 2 GH 
Tas icael |. GI T AVA 
and Aa =o a re OD eres fell ees 
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igs ol —, A 
=§ (1-5 + ge tow terms) + (— 1)" 
a 1—(—$)"? He A 
Bh wapget Gis gai 
eee 1)\n-1 1)n-1 , 
=a ele) mele ee if 
A. = =; similarly B,, =C, == 
- A» = 33 Similarly B, =C.=3- 
Cc, By 
The base B,C, has to rotate through an angle 7 — a3 tS 


to get to the position B,C,. 
C, B, 


The base B,C, has to rotate through an angle 7— at 


to get to the position B,C;. 


.. the base B,C, has to rotate through an angle 
r=n—-1 (ox, B 
B-#-9) 
r=1 2 2 
to get to the position B,Cy. 
.. the angle between B,C,, B.,C., 


T=0 
= a (B, —C,) = 3 (B, —C,). 
Now, if H, S are the orthocentre and circumcentre of 
AA,B,C,, then 2 SA,H = (B, - C,). 
Let 2 HA,X =}(B,—(C,). 
Then B,C, 18 £ to A,X. 
620. Take any point A’ on WX, draw A’B’ || to AB to cut XY 
at B’, and draw B’C’, C’D’ || to BC, CD; join A’D’. 
AA’ AA’ \\ BB’ <CC’ XA “YR ZC 
Then , 3 he a : : 
DD BB @CC DD XBeYC  —ZD 


eRe As = (an 5) A G Cc 
sin G = 5) sin G = 3 sin. 3 ae 4) WA 
Se BIRO cid WD° 
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a A Diors\) LOvAD: 

Project each side of ABCD on the corresponding side of 
A’B'C’D’; then the perimeter of A’B’C’D' = that of ABCD 
together with certain projections (to be taken with 
regard to sense). 

Now 2A‘AD=ZAA‘B’. 

the projection of AA’ on AD= the projection of AA’ 
on A’B’. 

*. the projection at A to be added to (or subtracted from) 
A’B’ = that to be subtracted from (or added to) A’D’. 

Similarly at B, C, D. 

. the perimeters of ABCD, A’B’C’D’ are equal. 

Again A’ was chosen arbitrarily. 

-. there are an infinite number of positions for A’B’C’D’. 


Describe a circle on BC as diameter. On AB describe an 
are to contain an angle of 45°. Let them intersect 
at X. Draw AY, AZ 1 to XB, XC. Then AYXZ is the 
required square. 


ABMP: APLM= ABMP: AAMP=BM : MA=BM:PL, 

Similarly APLM: APLC =AL: LG=MP:LC. 

Now As BMP, PLC are similar. .°. BM: PL=MP:LC. 
ABMP: APLM= APLM: APLC. 


Draw OL |) to PQ to cut AB in L; let XY cut OA in M, and 
OLin s, We will shew that $ is a fixed point. 

As 4 AOL=Zz APX =2 B (or 180° —2 B), OL and L are fixed. 

Considering AOAL, and line XYS 


LS OM AX, 
OS’ AM’ LX ” 
_ LS AM LX AM. OP 
"* OS OM’ AX OM’ AP’ 
Now, by property of complete quadrilateral x {AP, YO}=— 1. 
+. {aP, MO}=—1,.-, SOF _ 7 (See p, 125.) 
., LS=40S= OL, and S is fixed. 


624. 


625. 
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Y is intersection of AQ, BP; and there is a (1, 1) correspon- 
dence between the positions of AQ, BP. Therefore the 
locus of Y is a conic through A, B; and, taking particular 
case, the locus passes through 0. It also passes through 
the orthocentre of AOAB, as is seen by making AB the 
diameter of the ©, .. the locus of Y is a rectangular 
hyperbola. 


Let A be the given circle, and B, C, ... circles of the coaxal 
system. 

Let the rad. axis of A, B cut the rad. axis of the system 
at P. 

Then P is on the rad. axis of A, B and on that of B, C. 
. Pis on the rad. axis of A, C. 

Similarly P is on the rad. axis of A and any circle of the 
system. 


(i) If a circle is described which passes through a fixed 
point and which is coaxai with a given circle and 
one of a system of concentric circles, then all the 
circles which can be so described pass through 
another fixed point. 


(ii) If a circle is described which passes through a fixed 
point and which is such that its rad. axis with 
a fixed circle passes through a fixed point, then all 
the circles which can be so described pass through 
another fixed point. 


(iii) The same as (i) with “a system of coaxal circles” 
substituted for ‘a system of concentric circles.” 


Let AD, BC intersect at X; let E, F*be the mid-points of 
AC, BD. Then EF is || to DC, AB. 

.. the common chord of the circles on AC, BD as diameters 
is 1 to the join of their centres, ie. 1 to EF, .*. to 
AB, CD. 

Draw BN, AM 1 to DX, CX. 
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627. 
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Then the BD © passes through N, and the AC © through M. 
Now X is on the common chord of the circles, if 
XN.XD=XM. XC. 
We have XN.XA=XM. XB, 
and XD :XA=XB: XC. 
. XM.XD=XM. XC. 
*, X is on the common chord of the two circles. 


Let PC cut AB in X; and on AB take Y so that 
AY : BY=—AX : BX. 

Let PY cut the © in D; then {AB, xY}=—1; 

P (AB, CD)=— 1. 
Let AB, CD meet in M; AC, BD in N; BO, AD in O. 
Then O is the pole of MN; i.e. the pole of MN lies on BC. 
.". the pole of BC lies on MN, ete. 
.. the tangents at B, C intersect on MN. 
Similarly the tangents at A, D intersect on MN. 


See Ex. 433. 
All the circles pass through two fixed points on the line of 
centres of the given circles. 
. the locus of the centre is a straight line 1 to that line. 


Let BC, CA, AB meet the corresponding ©s in P,, Py; 
Q,, Q; Ry, R.. Let X, Y, Z be the mid-points of P,P,, 
Q,Q@,, R,R,. Since A is on the radical axis of the @ and 


R @s, AQ,.AQ,=AR,.AR,. .*. AY? — YQ2=AZ?— ZR? 
Similarly BZ?— ZR? = BX? — XP? and CX?— XP?= CY?— YQ’. 
.. AY? + BZ? + CX?=AZ*?+ BX?+ CY*% .:. the 1 bisectors 


of P,P., Q,@, R,R. are concurrent (Ex, 129). Also 
Q,Q,R,R, are concyclic, as also R,R,P,P,: and these two Os, 
having the same centre, are identical, .-. P,P,Q,Q,R,R, 
are concyclic. 

Let OP, meet its circle again in p,; ete. Invert from 0, 
taking the tangent from O as radius of inversion. Then 
the three ©s invert into themselves ; P, to p,, etc.; 

© P,P,Q,Q,R,R, becomes ©, P2919277r- 
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If 919, meets ryr, in. L; then''L¢,.Lg,=L7r,. tr, .. L is 
on OA; etc. 


629. Draw OD || to EF,to meet ABin D. ‘Then, since OC bisects 
EF, and OD is || to EF, O{EF, CD}=—1. 
. {AB, CD} =—1, .-. D is a fixed point. 
Again 4 DOF=2 OFE=Z EBA, .*. DO touches ©OAB at O. 
*, DO?=DB.DC= const. 
.. locus of O is.© with D as centre, cutting original © 
orthogonally. 


630. (i) Take a pair of rectangular axes through O. 
Let P be (@, 7) and A, B,G, ... (2%, 41) (#25 Yo) (35 Ys) --- » 
Then SAP?= 3% (a, —%)+ 3 (y,—-Y¥) 
= (aP+ yr)+nd (+ 7) — 223a, — 243y, 
= 30A?+7.OP? (3x,=0, Sy, =0, for O is 
centroid of A, B, C, ...) 
=n. OP” + const. 


(ii) Let the feet of the 1s from P upon OA, OB, ... be 
Nes See 

Then for a given position of P all the points N lie on a 
© whose diameter is OP. 

And as the angles between successive positions of ON 
are equal, the N points are distributed evenly round 
the circumference. .:*. their centroid is the centre 
of the ©, ie. the mid-point of OP. .:. as P moves 
round its ©, the centroid moves round a concentric 
© of half the radius. 


631. (i) Let the distances of A, B, C, P, measured from any 
origin on ABC be a, b, ¢, x; regard being had to sign. 
Then it must be shewn that 


> (¢ —b) (w—a)? = (6 —c) (c— a) (a—b). 


Now 
= (¢—b) (w-a 2 =a? (c — b) — 2a Ba (c —b) + Za? (c — b) 
=0-—0+(b-c) (¢—a) (a—6). 
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(ii) Suppose that the points are in order A, B, C. Let 
L, M, N be the mid-points of AB, AC, BC; O the 
centre of the © that touches the © on AB, AC, BC. 
Let AB=2p, BC =2q; then LM=qg, MN=p. Let r 
be the radius of the touching ©. Then OL=r+p, 
ON=r+q, OM=p+q-—r. Let h be the projection 
of OM on LN. 

Then from A OLM, (7+ p)?=(p+q—r)?+@° ¥ 2hqg 
(according to angle) 

and from A OMN, (r+q)?=(p+q—r)?+ p+ 2hp, 
pP(r+pP+a(r+aP=(p+q)(p+aq-7)! + pa (P+ Q), 


Wn (p+g+p+q) =(p+9)—p-¢+ pq (p+ 9) 
=4pq(p + q)- 
_ Pa(p+a 
p++ py 


632. Fixing our attention on the triangle formed by the tangents, 
we have to show that the chords of contact of the in- 
circle meet the opposite sides in collinear points. 

See Ex. 195. 


633. (i) Let O be the centre of any circle through L, L’; then 
O is on the rad. axis. 
*, the length of the tangent from O to any circle 
of the system is OL. 
*. the circle with centre O cuts the circles of the 
system orthogonally. 


(ii) See Ex. 417. 


634. Lemma. If S=0, S’=0 be two circles, in the form 
ety + 2gu+2fy+c=0, then S, S’ are the squares of 
the tangents to the ©s from (a, y). Also S=AS’ is a 
coaxal circle. The form of this equation shews that 
“the ratio of the tangents drawn to two circles from 
any point on a third coaxal © is constant.” (Also see 
proof of Ex. 436.) 


635. 
636. 


637. 


638. 
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In the present case L is one of the coaxal ©s, 
*. PAPE =@QA .QL= RB IRL='SB:SL. 

Taking the figure in which © PQRS contains the other © 
and L, and Q, R are on the same side of AB, we see that 
LA bisects 2 PLQ and LB bisects 2 RLS: and all these 
half angles are acute. Also, in As ALQ, BLR, LA=LB 
and QA: QL=RB:RL, .. LALQ=ZBLR; 
similarly 2 ALP=Z BLS, .°. 4 PLR=z@LsS. 


See Ex. 290. 


*.+ CP is a diameter of the circle through ©, L, 

Pe CEP israttn a. 

.. PL is the polar of L’ with regard to the circle with 
centre C’. (Ex. 415.) 

*, the polar of P passes through L’. 


Let N be the mid-point of the chord PQ of © whose centre 
is O, radius 7; let the other © have centre C, radius R: 
CP? — R?'+ CQ? — R?= const. 
. CP? + CQ@’?=const. .*°, CN? + NP? =const. 
*, CN?+7?—ON?=const. .°. CN? —ON?=const. 
.. locus of N is straight line 1 to OC. 


(i) See Ex. 301. 


(ii) Remember that, if X be a centre of similitude, and 
XRR’ cut the ©s in R and R’, then R, R’ are either 
corresponding points with regard to similitude; or 
else inverse points when the one © is inverted into 
the other. The only case in which they are both is 
that in which XRR’ is a common tangent. 

Let 0, C, C’ be centres of the 3©s; let QP, QP’ cut 
the corresponding ©s in R, R’. 

Then 2 OQP =z OPQ=4 CPR=Z CRP. 

.*. GR is || to QO; so also C’R’ is || to QO. 

., C/R’ is || to CR and R, R’ are corresponding points ; 
and XRR’ is a straight line. 
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Now @P.QR= QP’. QR’, .:. P, P’, R’, R, are concyclic ; 
and XR.XR’=XP.XP’, .*. R, R’ are inverse points. 
As they are also corresponding, they are the points 
of contact of a common tangent, to which OQ is 1 
and the tangent at Q is |. 


(i) Properties which persist after inversion. 
(a) Number of points common to two loci. 


(6) Coincidence of points; ie. contact of various 
orders. 


(c) Angles of intersection of loci. 
(d) In general, circles become circles. 


(e) Inverse points with regard to a circle become 
inverse with regard to inverse circle. 


(ii) Since circles B and C cut orthogonally, 
©B, when inverted with respect to © C, inverts 
into itself. 
Now Q, Q’ are inverse points with respect to © B. 
If we invert with respect to © C, by Ex. 482, R, R’ 
(the inverses of Q, Q’) will be inverse points with 
respect to © B (which is the inverse of ©B). 


Let O, C be the centres of ©s PAB, PRQ. 

ZL SAPB, A@QB are constant, being subtended by a fixed chord 
of their respective ©s. 
. 2 QBR is constant, .*. QR is const. 

Now As APB, RPQ are similar. 

., their circumradii are proportional to the bases of the 
triangles ; i.e. is a fixed ratio. 

*, circumradius of APQR is constant. 

Furthermore, . CPQ=Z4 OPB, .°. PC is 1 to AB and in a 
fixed direction. 

.. locus of C is a © equal to ©APB, and moved || to line of 
centres through a distance PC. 


641. 


642. 
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As ABB’, ADD’ are congruent, having AB=AD, AB’=AD’, 
and 1 BAB’=2 DAD’. Corresponding lines in the two 
As are at rt. 2s, 

*. BB’, DD’ are equidistant from A, and at rt. 2s. 

These are therefore 1 tangents to a © of centre A. 

The external bisector of the angle between these tangents 
is ,/2 times as far from A as either of the tangents. 

Now, comparing As ABB’, ACC’, AC: AB=AC’:AB’= ,/2:1; 
and 4 BAB’ =2 CAC’....~. the As are similar; CC’ makes 
45° with BB’ and DD’; and the ratio of the distances 
from A of CC’, BB’ is ,/2: 1. 

.. CO’ is identical with the bisector, not passing through 
A, of the angle between BB’ and DD’, 


Move A and B || to PQ through distances equal to CC’, 
and let A, B take up positions X, Y. The problem now 
is to find C’ on PQ, so that AC’XY =AC'A'B’. 

If P be such a point in the plane that APXY =APA’B’, the 
ratio of the distances of P from XY and A’B’ is fixed. 
The locus of P is therefore a pair of straight lines through 
the intersection of XY and A’B’ (a pair of lines, since the 
signs of the 1s are immaterial). 

Construct these lines; then the points where they meet PQ 
are the positions of C’. 


(i) If the sides of A are even in number (2n), join alternate 
vertices. The result will be a polygon C of 1 sides, 
the sides of C being double and parallel to alternate 
sides of B. 

If polygon C be moved | to itself to any other position 
C’ and the vertices of C’ be joined to vertices of 
B and produced, so as to form a polygon A’ as in the 
original arrangement, it will be obvious that the 
sides of A’ are bisected by the vertices of B. 


(ii) If the sides of A are odd in number (2n + 1), ~ sides 
of a polygon C may be formed as in (i), but the 


G.-8. K.M.G, 8 
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(w + 1)th side will be identical with a side of A, say 
with XY, passing through a vertex, P, of B. 

If an attempt be made to construct a second figure of 
the same properties, by shifting a side of C’ || to 
itself, and building up a second polygon A’, it will — 
be found that all will go well till the side X’Y’ is 
reached. But X’Y’ will be || to XY, and therefore. 
cannot pass through P. 


644. Let a be the mid-point of BC; and draw AL || to BO, 
meeting QR in L. Let Aa meet QR in X. 
A {BC, aL}=—1, .°. the pole of AL with respect to the © 


lies on AX. 
Again the pole of QR lies on AL, .*. the pole of AL lies on 
QR. .*. X is the pole of AL, .°. the 1 from X to AL isa 


diameter and passes through P. 


645. Let O be the centre, 7 the radius, of any coaxal ©. 
The © on PQ as diameter is orthogonal to the O circle. 
Let 0@ cut this orthogonal © in N. 
Then 2 PNQ= 90", and ON. 0Q = (tangent to PA@®)?=7". 
.", NP is polar of Q with regard to O circle. 


646. Let O be the centre of the © ; and let S be the circum- 
circle of the square PQP’Q’. Let OP, OQ meet S in M, 
N respectively. 

Then, since PP’, QQ’ are diameters of S, P’M is 1 to OP; 
and Q’N is 1 to 0@. Now OP.OM=0Q.ON. But 
if P, P’ are conjugate, P’M is the polar of P, then 
OP. OM =(rad. of O circle)”. 

*, OQ. ON =(radius)’, .-. Q'N is polar of Q, .*. Q, Q’ are 
conjugate. 


647. Let L be the given line; O the interior centre of similitude 
of the Os. 

Through O draw a line || to L, cutting the ©s in PP’, QQ’ 

respectively ; the order of these points being P, P’, Q’, Q. 


648. 


649. 


650. 
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Then PQ is the longest and P’Q’ the shortest straight line 
from the one © to the other, | to L. 

Draw the tangents at P, P’, Q@’, Q; let any other straight 
line || to L cut these tangents in p, p’, q’, g; and the ©s 
in a, b:c, d. The order of these points is pabp'q’cdq. 

Now Pp is || to Q@g, .*. PA=pq>ad; 
and P’p’ is || to Q’q’,_ .«. P'Q’=p'q' <be. 


Invert with regard to O, and let the inverse points be 
denoted by small letters. We have chords pp’, qq’ of 
a fixed © meeting at a fixed point O ; pq, p’q’ meet at s; 
what is the locus of s? 

Let p’qg, pq meet at ¢; then sé is the polar of O (Th. 50), 
and .*. a fixed line. 

The locus required in the original problem is therefore a 
circle through O., 


Let YU, ZW meet AC in F, F’.. Let YQ, ZR meet AD 
imsS; Ps 
Then {AFQR} = Y {AFQR} = {AUSV} = Q {AUSV} = {AxYZ} 
= R {AXYZ} = {AWVP} = Z {AWVP} = {AF’QR}. 
. F coincides with F’, 


As PAB, QED are such that the intersections of three pairs 
of sides are collinear; viz. AB, ED; PA, QE; PB, QD. 
*, the triangles are in perspective; and PQ, AE, BD 
are concurrent, 


Let AC, BD meet in X; AD, CB in Y; AB, CD in Z; AB, 
KYAT, 

First, Z is a fixed point. For if any other © be drawn 
through AB, to cut the fixed © in C’, D’; then AB, CD, 
C’D’ are concurrent. 

Secondly, Y{AB, XZ}=—1; .. {AB, TZ}=-1; .. Tisa 
fixed point. 
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Draw AL, BM || to A’B’C’. 
Then A’ {CBAC} =A {C’B/A'L} by js 
= B {C’B’A’M} 
= B’ {CBAC’! by |js. 
.. CBA are collinear. 


Invert with regard to A and let B’, P’, Q’ be the inverses 
of B, P, Q. 

Draw P’H, Q’K tangents to ©s AB’P’, AB’Q’. 

Then LAPB=ZLHP’A=Z PBA, similarly 2 AQB=Z Q’B/A, 

“LP BQ’=LPBA~ZQBA=Z APB~Z AQB = const. 

Again, if # is the radius of inversion, 


ape Ae hs eee 
WARE NAY” ~ AP’. AB!” ? 
ke 
QB = aa 
AQ’. AB 
_ AP AQ QB’. 
"PB .QB So PBaw 


‘Dp! 


ah = is constant. 
/ v 


Then, since PEs is constant and z P’B’@’ is constant, Q’ 


describes a locus similar to the locus of P’. (Chap. VIII. 
§ 3.) 

But P’ is the inverse of P, and P describes a circle. .:. P’ 
describes a circle or a straight line. 

*, Q' describes a circle or a straight line. 

*. Q describes a circle or a straight line. 


Draw CL || to DE and BA; BN || to DF and CA. 
Let AXY meet BC in M. 
C {DXEL} = A {DXEB} = {DMCB}. 
Similarly B{DYNF}=A {DYCF} ={DMCB}. 
*. C{DXEL}=B{DYNF}. But CD, CE, CL are || to BD, BN, 
BF respectively. .*. CX is || to BY. 
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655. (i) ABC is an Apollonius © with regard to the fixed 


points P, @. .*. PQ is divided harmonically by the 
©, of which it is a diameter. .*. P, Q are inverse 
points. 


(i) Let the diameter bisecting BC at rt.2s be XOY: let 
AB, AC meet this diameter in L, M. 
Then AX, AY are the bisectors of 2 BAC; and 
A {BC, XY}=—1, .-. fim, xY} =— 1, 
*, L, M are inverse points. 


656. This is really a particular case of the theorem referred to 
in Ex, 634, that if S, S’ be two circles, the ratio of the 
tangents drawn to these ©s from any point of a coaxal 
© is constant. For S, and the point P are two ©s; 
and ABC is a coaxal ©. 

Otherwise, as follows. Let O, 0’ be centres of ©s S, ABC. 
Draw AN 1 to OO’. 
Then (tangent from A)? 
= AO? — OP?= AO” + 00” — 200. O'N — OP? 
= 0’P? + 00?— 200’. O'N — OP? 
= 00” +(0/P — OP) (O’P + OP) — 200’. O/N 
= 00’ (00’— 0’P — OP) + 200’. O'N 
=— 200’. O’P + 200’. O'N = 200’. NP, 


and AP? = AO? + O'P?— 20’P, O'N 
= 20 PNP: 
-. tangent to S : distance from P is constant for all points 
on ©ABC. 


Tf S becomes ~ , the (tangent)? becomes infinite, but always 
varies as PN. We therefore have that the distance of a 
point on a © from the tangent to that © at P varies as 
the (distance from P)’, 


657. Let PQ, RS intersect at X. Then Xp. XQ=XR.XS; 
Xq.XP=XR.XS; Xr.XS=XP.XQ@; Xs.XR=XP. XQ 
Also XP=XR, XQ=XS. Hence Xp=Xr=XP=XR; and 
X is centre of © prPR. 


8—3 
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Similarly X is centre of © QSqs. 

Let A, B be centres of ©s RP, QS. Then LAXR=ZXBS; 
and 2s R,Sarert.4s. .*. XR: AR=BS:XS. 

we KR XS = AR SBS: 


658. Let ABC be the fixed A ; PQR the inscribed A given in 
specie. Let ©s BPR, CPQ meet at O; then 
ZL QOR = 360° —2 POR—Z POQ=B+C=180" —A, 
.. ©AQR passes through O. .*. QR, RP, PQ subtend 
fixed .s at O, and figure PQRO is given in specie, 
‘. £8 QRO, QPO are fixed, .*. 48 QAO, QCO are fixed, 
and O is a fixed point. Accordingly PQR revolves about 
O, varying its size; any point G which moves so as to 
form given shape with PQR describes a locus similar to 
that of P (or Q, or R), ie. a straight lime. G may be 
centroid, or orthocentre, or ahy such point. 
Since given angles P, Q, R may be fitted on to sides 
BC, CA, AB in 6 different ways, the locus is generally 
6 straight lines. If G happens to coincide with O, G 
will not move. 


659. Let P, C be the centres of ©s U, V. 
The tangent from O to U and that from O to V are of fixed 
lengths. 
.. the difference of their squares is constant. 
*, 20Y.CP= constant (Ex. 393), 
and OY is |} to CP. 
. Y describes a locus similar to the inverse of the O circle 
with regard to C, 
.. the locus of Yis a circle (or a straight line if C is on the 
O circle). 


660. Let the centres be A, B; the radii a, b; the perpendiculars 
from the centres p, g. Let the chord cut the ©s in 
PQ, RS; M, N being mid-points of PQ, RS. Draw AY 1 
to BN. 


661. 


662. 


663. 
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Then PM?= MR. MS = MN?— RN* 
. @-p=AY-P+”¢ 

= AB’— (q—p)- 6? +¢°. 
.. 2pq =a? + 0? — AB’. 


Let the mid-points of OP, OQ, OR be p, gq, 7; AO, BO, CO 
meet B/C’, C’A’, A’B’ respectively in L, M, N; A’P’, BQ, 
C’R’ meet BC’, C/A’, A’B’ in F, G, H. 

GO! RPig rO\ 70. Or? 

Og’ rP’ Og ' Og 0q?’ 

Sn OI eiors steels 


Theay 7 {BC LFi = irq, OP }— 


B’L BF 
II i I aa} 
LC FC 
BL = , / / 
But I na ae 1, since A’L, B’M, C’N concur, 
B'F e Ip! / / Ip!’ 
eo .. A’P’, BQ’, C’R’ concur. 


AA’BB’ are concyclic, .*. 2 OA’B’ =z OBA. 
Similarly 2 OA’D’= Zz ODA. 
*, LB/A’D'=Z OBA and 4 ODA=180°—Z BAD, 
and so for the other angles. 
If A’B’C’D’ be turned over, hinging about one of the 
bisectors of the angles between AC and BD, its sides will 


be || to those of ABCD, and its diagonals will coincide 
with those of ABCD. 


Let ABCD be the quadrilateral, and P any point on its 
circumcircle. 
Draw PL, PM, PN, PR 1 to AB, AC, BD, CD. 
PL=PAsin PAB, PR=PDsinPDC, PM= PAsin PAC, 
PN = PD sin PDB. 
Now sin PAB=sin PDB, and sin PDC =sin PAG, 
wee. PR= PM BIN: 
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664. ach circle of the system passes through two fixed points 

X, X’ say (proof as in Ex. 433). 

... the system is a coaxal system of the intersecting type. 

Let P be the given point. 

Describe a circle through P coaxal with the pt.-circles X, X’. 

Let PP’ be a diameter of this circle, and C the centre 
of one of the circles through X, X’. 

Let CP cut © on PP’ as diameter at N. 

Since ©PNP’ cuts any © through X, X’ orthogonally, 
.. CN. CP =CX?, and ~ PNP’ is art.Z. 
. P’N is the polar of P with respect to the circle with 
centre C. But P’ is independent of the position of C. 

.. the polar of P with respect to any circle through X, X’ 
passes through a fixed point P’. 

I.e. the polar of P with respect to any circle of the given 
system passes through a fixed point. 


665. Let the line cut the one circle in A, B and the other 
circle in C, D. 
The problem at once reduces to finding P, Q in the line 
such that P, Q are harmonic conjugates with regard 
to A, B and also with regard to C, D. See Ex. 243. 


666. Through E, F draw EG, FH || to DA, BA to meet these lines 
in G,H. Then AAGD= AAED= AAFB= AAHB. 


; A AD AH 
.*. AD. AG sin BAD = AB. AHsin BAD. . —= — and GH 
AB AG 
is | to BD. Again As BEG, DHF are similar. 
_ DF BE ay DH _ BS 
‘DH BG’ AD AB’ 
DF “BE . 
. —~=-—; and since ~D=ZB, ... As ADF, ABE are 
AD AB 


similar, and 4 DAF=Z BAE. 
Draw EM, FN 1 to AD, AB. Then EM. AD=FN. AB. 
EM FN 
But 2 DAE=Z BAF. .°. —~=—. *, AM.AD=AN. AB. 
AM AN 


667. 


668. 


669. 


670. 
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Now © on ED passes through M; and AM. AD=square 
of tangent to this © from A. So AN. AB=square of 
tangent to FB © from A. 

.*. Ais on radical axis of these two circles. 


The © cuts OX in A, B; OYin C, D. AC, BD meet in fixed 
point P; let AD, BC meet in Q 

Then O {AD, PQ}=—1; .. 0@ is fixed. 

Again O@ is polar of P, .*. centre hes on 1 from P to 0@, 
a fixed line. 


Invert with regard to 0. The inverse theorem is: 

“Tf two circles intersect orthogonally at p, and a common 
tangent touches them at q, q’, then the angle between 
pq, pY is half a right angle.” 

Tf c, c’ are the centres of the circles. 

Then Lpqa?d +Lpyqg=tLpeq+ dL ped 

=4(Lpee'+Z pe'c) 
=4 a rt. 4. (>. Zepe is a rt. Z ), 
.'. the inverse theorem is true. 
*. the given theorem is true. 


Let r be radius of given ©, and O its centre. 

Since A,C,; is polar of B,, and B,C, of A,, .*. P, is pole of 
A,B,; similarly P, of A,B,. Let OP, meet A,B, in M,, 
and © P,A,B, in N,; with similar notation for OP,. 


Since P, is pole of A,B,, .. OP,.OM,=r. Now 0 is 
orthocentre of AP,A,B, (Ex. 564), .. ON,=20M,- 
>, OP,. ON, =2r%, Similarly OP,< ON, = 277. 

-, OP,.ON,=OP,.ON,. .*. O is on radical axis of ©s 


P,A,B, and P,A,B,. 


Let ABCD be the quadrilateral, EF its third diagonal, 
L, M, N the middle points of BD, AC, EF. Then LMN is 
a straight line (Hx. 593), 

If A, © are conjugate with respect to a ©S; then © on 
AC is orthogonal to S$; and conversely, the extremities 
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of a diameter of a © orthogonal to S are conjugate 
points with regard to S (Ex. 678). 

Let AC, BD meet at G; AC, EF at H; BD, EF at K. 
{AC, GH}=—1. .:. MG.MH=MC% .-. © on AC as 
diameter is orthogonal to © GHK. Similarly Os on 
BD, EF are orthogonal to ©@GHK. As the centres of these 
three ©s are collinear, the ©s are coaxal. Any © S 
orthogonal to two of these ©s is orthogonal to the third. 
‘, if two pairs of opposite vertices are conjugate with 
regard to S, so is the third pair. 

All ©s S form a coaxal set having LMN as radical axis. 


671. Let 0,, O,, O; be the centres of C,, C,, Cy. 

The three common chords pass through the radical centre, 
P say, of the three circles. 

Now the common chord of ©,C, passes through 0, and is 1 
to 0,03. 

And the common chord of C,C, passes through O, and is 1 
to O,0,. 

. P is the orthocentre of A 0,0,0;. 

*, the 1 to 0,0, through P passes through 0. 

But this 1 is the common chord of C,C,. 

*. the common chord of C,C, passes through the centre 
of C,. 


672. Take any point R in the line /. 
‘- the plane P touches all the spheres at O, 
.. the length of any tangent-line from R to any one of the 


spheres = RO. 
. the tangent from R to any one of the circles in the 
plane Q= RO. 


.*. the circles in the plane Q form a coaxal system of which 
L,, L, are the limiting points, and / the rad. axis. 


673. We lose non-generality by supposing that, if AB, CD be 
the segments that subtend equal angles, the order of 
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these points is A, B, C, D. For if AB, CD overlap, 
then AC, BD also subtend equal segments. 

Let P be the variable point ; and PE the internal bisector 
of BPC and Z APD; PF the external bisector of the 
same angles ; E, F being on ABCD. 

Then P{EBAF}=P{ECDF}, .. {EBAF} ={ECDF}. 


f EB. AF. EG. DE ete 2 AB 
EECAB.. EFSDG © EC! DF oc. 
Now {AD, EF}=—1;.°. I ie ees cota 
DF ED EG..ED' “CD 
: EB FB FB.FA AB 
Again, eGo Fee POT ED Gp noo 


This equation leads to a quadratic for the positions of 
E and F, which are thus shewn to be fixed points. 
The locus of P is a © on diameter EF. 


674. (i) If the fixed circles intersect, invert with regard to one 

_ of their common points. 

The variable circles invert into two circles which 
touch, one another and also touch each of a pair 
of straight lines. 

Now the locus of the point of contact of these two 
circles is obviously the bisectors of the angles 
between the straight lines. .:.. in the original 
figure the locus is one of two circles through the 
points of intersection of the fixed circles. 


(ii) If the fixed circles do not intersect, invert with 
regard to one of the limiting points of the coaxal 
system determined by these two circles. 

The variable circles invert into two circles which 
touch each other and also touch a pair of concentric 
circles. 

Now the locus of the point of contact of the two variable 
circles is obviously one of two concentric circles. 

*. in the original figure the locus is one of two circles, 


124 


KEY TO THE EXERCISES 
675. 


Invert with respect to the point of contact of A, B. 


These become |} straight lines. The three other points of 
contact become collinear, 


. the original four points of 
contact are concyclic. ~ 


676. 


Each © becomes a straight line, each centre becomes the 
image of Oin the line. The inverse theorem is therefore : 
“Tf AO is perp. to BC, and BO perp. to CA, then CO is 
perp. to AB.” 
677. Let AG meet-OB in N. By Menelaus in AOLB, disregard- 
ing sign, 
OM LA _ BN 
ML’ AB’ NO 
_ OL—OM_ LA BN 
jane OM = 


AB’ NO’ 
Now, by similar As, 


BN BG _ OB 
NO AO AO’ 


LA .OB OL 
: =1+- ae eee 
OM AB. AO AB 
1 i 1 
we oo St. 
OM OL AB 
678. 


Let C be the centre of the circle, BN the polar of A, N 
being on CA. 


The circle on AB passes through N, as 
LANB= 90°; and the (tangent)? from C to this © 
=CN.CA=(radius of CO)’, 
ao 

fo) 


*. the two Os are ortho- 
onal, .°. the tangent from O to the C © =OA. 
679. 


Let KD, AC intersect in F; KA, BD in G. 


X {KCZD} = {KFZD}=C {KFZD} = {EALD}, 
and X {KCYD} = {KAYG} = B {KAYG} = {EALD} 
.. XZ, XY are collinear. 
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